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DEUTSCHE ZUSAMMENFASSUNG

Das Ziel dieser Bachelorarbeit ist ein grundsatzliches Verstandnis von tropischen
Hyperflachen, die von Laurentpolynomen in mehreren Unbekannten mit Koef-
fizienten aus einem bewerteten Korper erzeugt werden. Wir betrachten die Theorie
von bewerteten Korpern und Initialformen, sowie Tropikalisierungen von Laurent-
polynomen, Varietaten und Monomabbildungen im algebraischen Torus. Dabei
setzen wir kein Hintergrundwissen der algebraischen Geometrie voraus.

Das Hauptresultat dieser Arbeit besteht im Beweis des Satzes von Kapranov, der
eine erstaunliche Briicke zwischen der klassischen Varietat eines Laurentpolynoms
und dessen tropischer Hyperflache schlagt. Unter anderem besagt er, dass fiir
einen algebraisch abgeschlossenen, bewerteten Korper K und ein Laurentpolynom
f mit Koeffizienten in K die tropische Hyperfliche trop(V(f)) identisch ist mit
dem euklidischen Abschluss der Menge der punktweisen Bewertungen der klassis-
chen Varietédt V(f).

Das Material dieser Arbeit entstammt grofitenteils [MS15], insbesondere folgt der
Aufbau Teilen der Kapitel §2.1, §2.2, §2.4, §2.6, §3.1 aus [MSI15] mit einigen
Anderungen, Zusitzen und gelegentlich detaillierteren Beweisen. Einige Resultate
wie beispielsweise Proposition 2.7 und das Beispiel in Bemerkung 2.13 entstammen
Ubungsaufgaben aus dem Buch. Fiir die Theorie von Erweiterungen von Bewer-
tungen in Kapitel 2 werden wir teilweise auf zahlentheoretische Ergebnisse wie
in [Ne99] verweisen oder einen verallgemeinerten Bewertungsbegriff wie in [EP05]

einfiithren.
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Introduction

The study of tropical geometry is the study of geometry over the tropical semiring
(RU{o0}, ®, ®) in which addition is given by taking the minimum a®b = min{a, b}
and multiplication by taking the usual sum a ® b = a + b. Indeed this semiring
satisfies all field axioms except for existence of additive inverses — the neutral
element of addition is co which represents infinity, and 0 is the neutral element of
the multiplicative group. In the tropical semiring, a polynomial with coefficients
in R becomes a piecewise-linear concave function with integer coefficients. For
example the tropical version of f(X) = X3+ 2X?% 44X + 10 is given by

trop(f)(X) =X 920X’ @40 X © 10 = min{3X,2X + 2, X + 4,10}

whose graph is sketched in Figure 1.1. In the case of trop(f), the two points in
the graph for X = 2, X = 6 indicate where trop(f) is non-linear and are called
roots of the polynomial.

The basic objects of study in algebraic geometry are algebraic varieties which
are defined by zero sets of multivariate polynomials. The corresponding tropical
object is the tropical variety: For a single tropical polynomial trop(f) it is defined
as exactly the locus in R™ where the piecewise linear function trop(f) fails to be

linear.

The aim of this bachelor thesis is to present the basic conception of tropical hy-
persurfaces of multivariate Laurent polynomials over a valued field, as well as all
the prerequisites needed. Without requiring background in algebraic geometry, we
will study valuations, initial forms and tropicalizations of Laurent polynomials, of

varieties and of monomial maps in the algebraic torus. The main result in this
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2 1 Introduction

FIGURE 1.1: Graph of trop(f) (indicated by bold line).

thesis is Kapranov’s Theorem which draws an astonishing connection between the
classical variety defined by a Laurent polynomial and its tropical hypersurface.

The material in this thesis is taken largely from [MS15], specifically it follows
parts of §2.1, §2.2, §2.4, §2.6, §3.1 in [MS15] with some alterations, additions
and of course more detailed proofs. Some proofs of minor results as for example
Proposition 2.7 and the example in Remark 2.13 stem from exercises in the book.
For some theory in Chapter 2 about valuations we will refer to number theoretical

results as in [Ne99] or to a more generalized theory of valued fields as in [EP05].

Chapter 2 discusses the theory of valued fields. We define valuations from the unit
group of a field onto an additive subgroup of R and look at basic properties of
such a map. As algebraically closed, valued fields play the major role throughout
this thesis, we focus on how valuations behave on algebraically closed fields. The
main results of Chapter 2 are that an arbitrarily valued field can be embedded into
an algebraically closed field which extends the valuation (which we will not prove
rigorously though), and that in the algebraically closed setting the valuation map
always splits, which is important for the definition of initial forms in Chapter 4.
We also briefly look at important examples of valuations as on the field of Puiseux

series or the p-adic valuation. Main source for Chapter 2 is [MS15, §2.1].

In Chapter 3 we outline fundamental objects from algebraic geometry, such as the
n-dimensional algebraic torus, the concept of varieties and the Zariski topology.

We also introduce monomial maps on the algebraic torus and the maps they induce
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on the corresponding rings of Laurent polynomials. Chapter 3 consists mainly of
various parts of [MS15, §2.2].

Chapter 4 consists of important preliminary work for Kapranov’s Theorem. By
replacing the coefficients with their valuations and performing all additions and
multiplications in the tropical semiring, we can pass from a Laurent polynomial
over a valued field to its tropicalization — a piecewise linear function from R” to R.
We define initial forms which are special multivariate polynomials with coefficients
in the residue class field of a valued field (with respect to its valuation). Initial
forms play a distinguished role in this thesis, as they originate from tropicalizations
of Laurent polynomials and carry useful information about the roots of the tropical
polynomials they come from. Hence Chapter 4 focuses on understanding the basic
structure of initial forms and the ideals they generate. At the end of Chapter 4
we briefly talk about the notion of a tropical basis and tropicalize monomial maps
on the algebraic torus which provides a useful tool for the proof of Kapranov’s
Theorem.

The material in this chapter is a mixture of [MS15, §2.4] and [MS15, §2.6]; some
results will be omitted, some proofs necessarily altered. In general everything will
be proved directly for the Laurent polynomial ring and we will try to fill arguments

with much detail.

Chapter 5 follows [MS15, §3.1] and is dedicated fully to a detailed proof of Kapra-
nov’s Theorem, the main result of this thesis. We define the tropical hypersurface
trop(V(f)) of a Laurent polynomial f as the set of all elements w € R"™ where
the minimum in the corresponding tropicalization trop(f)(w) is achieved at least
twice. The main statement of Kapranov’s Theorem is then that over an alge-
braically closed, valued field trop(V(f)) is the same as if one would first compute
pointwise the valuation of the classical hypersurface V(f) given by f and after-

wards take the Fuclidean closure of the resulting set.






Fields With Valuations

Definition 2.1. A valued field is a pair (K, val) of a field K and a valuation map
val: K — R U {oo} satisfying the following properties for all a,b € K:

i.) val(a) =00 <= a=0
ii.) val(ab) = val(a) + val(b)

iii.) val(a 4 b) > min{val(a), val(b)}

We will often just say “valued field K” for a pair (K, val). Throughout this thesis,
we will also often identify val with its restriction val: K* — R. Its image ['y,
is an additive subgroup of R, the wvalue group of the valued field K. There is a
trivial valuation on every field K, defined by val(a) = 0 for all a« € K*. Given any
valuation val on K and A € Ry, the map (A -val): K — RU {oo} is a valuation

as well. Thus, for any nontrivial valuation, we may always assume that 1 € I'y,;.

We consider now the set of all field elements with nonnegative valuation, as well

as its subset of elements with positive valuation:
R:={ce K |val(c) >0}, m:={ce€ K | val(c) > 0}

The set R is a ring. It is easy to see that R\ m = R*, in particular R is a local
ring with unique maximal ideal m. We call R the valuation ring, and k := R/m its
residue field.
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Remark 2.2. The notion of a valuation can be generalized by defining it as a
surjective map
val: K — T'U {0}, (2.1)

where I' is a totally ordered abelian group and which satisfies the same properties
as in 2.1.

Using Definition 2.1, by property ii.) we see that val(l) = 0 and thus for any
a € K*\ R we must have a™' € R. So the valuation ring R in the sense of
Definition 2.1 is also a valuation ring of K in the sense that all a € K* must
satisfy a € R or a=! € R. Conversely, every valuation ring in K determines a
valuation on K as defined by (2.1) above. Indeed, let R be a valuation ring of
K and let I' be the quotient group I' := K */ R This is a totally ordered abelian
group by the well-defined relation

tR* <yR* «— ZcR,
X

and the map val(x) = zR* € I which sends an element z € K* to its coset in T,

defines a valuation on K.

Even further, valuation rings in K correspond one-to-one to valuations on K as in
(2.1) up to an order-preserving isomorphism of the value groups. Now an ordered
abelian group I' has rank 1 — which means that {0} is the only proper convex
subgroup — if and only if there is an order-preserving isomorphism to a nontrivial
subgroup of (R, +) with the canonical ordering induced from R.

For rigorous proofs of these statements and detailed definitions of the terms used
see [EP05, Section 2.1]. Using this generalized theory of valuations and the axiom
of choice, the following theorem can be shown. For the full theory, see [EP05,
Section 3.1, Section 3.2].

Theorem 2.3. Let (K,valg: K — R U {oc0}) be a valued field, and L/K an
algebraic field extension. Then there exists a valuation valy,: L — RU {oco} on L

such that valy |, = valg.

Remark 2.4. In general, such extensions of valuations will not be unique, see for
example 2.14.

As we will notice in Chapter 4, a prerequesite for the definition of initial forms
is that the valuation map of a valued field K splits. We will also see later that
this always happens if K is algebraically closed. Hence Theorem 2.3 plays an

important role: If the valuation on K does not split, it is possible to extend
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the given valuation to the algebraic closure of K. The problem of extending a
valuation on K to some algebraically closed field L with K C L can also be solved
by number theoretical means:

Let 0 < ¢ <1 € R, then val induces a non-archimedean absolute value

lang: K = Rog, = |2, = ¢,

where we formally set ¢ = 0. We then pass to the completion L of K with respect

t0 ||y, and extend the obtained absolute value on L to an absolute value ||-[| on

the algebraic closure L. This is possible as absolute values on complete fields can
be extended to any algebraic extension (for a proof, see e.g. [Ne99, Chapter II.

Theorem (4.8)]). This again induces a valuation
valy: L - RU{cc},z logq(||x|]),

where we set log,(0) = oo, and which satisfies valz|, = val.

Lemma 2.5. Let K be valued field and a,b € K. If val(a) # val(b), then
val(a + b) = min{val(a), val(b)}.

Proof: Without loss of generality we may assume val(b) > val(a). As val(1) =0,
we also have val(—1) = 0, thus val(—b) = val(b) for all b € K. We then get

val(a) > min{val(a + b), val(—b)} = min{val(a + b), val(d)},
therefore by assumption val(a) > val(a + b). But also have
val(a + b) > min{val(a), val(b)} = val(a),

and equality follows. m
The next lemma leads to the result that the residue field of an algebraically closed,
valued field is again algebraically closed (see [MS15, Exercise 2.7(4)]).

Lemma 2.6. Let K be valued field. The corresponding valuation ring (R, m) is
integrally closed.

Proof: Let z € K = Quot(R) satisfy the monic equation 2™ + a, 12" 1 + - +

a1x 4+ ag =0, for ag,...,a,_1 € R.
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Suppose = ¢ R, then (as R is valuation ring) val(z™!) > 0, i.e. 7! € m. Multi-
plying the equation by x™" yields

n1z L4 dar " far " =—1¢ m,
em
hence val(—1) > 0, a contradiction. O

The following result is a direct consequence of the previous lemma.

Proposition 2.7. Let K be valued field with corresponding valuation ring (R, m).
If K is algebraically closed, then its residue field k is algebraically closed as well.

Proof: Let f(X) =" ,aX" € k[X] with coefficients @ € k and appropriate
lifts a; € R. We may assume that f is monic, i.e. a, = 1. As K is algebraically
closed, there exists a root ¢ € K of monic polynomial g(X) =" ,a; X" € K[X].
By 2.6, the root c already lies in R and satisfies

f(@) = zn:aici = Zn:aici =0.
i=0 =0

We will now take a look at two important examples of valuations.

Example 2.8. Let A be a Dedekind domain with quotient field K and p C A a
prime ideal. Let x € K*. The fractional ideal x - A admits a unique decomposition

into product of prime ideals

r-A= H q"®), with v,(2) € Z and vy(z) = 0 for almost all q € Spec(A).
qeSpec(A)

Hence p defines a valuation val: K — ZU{oo} given by val(z) = v,(z) for x € K*.
For A =7, K = Q and p = (p), where p is a prime number, this is called the
p-adic valuation on the rational numbers. For example for the 2-adic valuation

get val(—2) = —3.
Example 2.9. Given a field K, the field K{{t}} of Puisez series over K is the set

of formal series of the form

ft) = Zcz-ti/", where ¢; € K,n € Nyg, k € Z.
i=k
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We can also consider K{{t}} as the union

K{th = {J 5(@'"),

n>1

where K ((t'/™)) is the field of formal Laurent series in the variable t'/" (note that
in a formal Laurent series, ¢, = 0 for all but finitely many negative indices n).

The field of Puiseux series carries a natural valuation given by taking a nonzero
element f(t) € K{t}}* to the lowest exponent i/n that appears in the series

expansion of f(t). Also note that K(t) is a proper subfield of K((t) C K{{t}}.

1

75 € C(?) has Laurent series expansion

For example ¢(t) =

. (_1)n+1 n
> ot thus val(g() = —1.

n=—1

An important property of K{{t}} is that it is algebraically closed if K is alge-
braically closed and char(K) = 0 (for a proof see [MS15, Thm. 2.1.5]). To be
precise, in this case K{{t}} is the algebraic closure of the Laurent series field

K((t) (for a proof see for example [Ri99, 7.1 A.(5)]).

Lemma 2.10. Let K be an algebraically closed field with a nontrivial valuation.

Then the value group I'y, is a divisible, dense subgroup of R.

Proof: We first show that I'y, is divisible, i.e. we have to show that for all
a € Ty and n € Ny exists b € Ty, with n-b = a. Let val(a) € T'yy for
a € K*,n > 1. As K is algebraically closed, there is an element b € K satisfying
b" = a, hence val(b) = Zval(a) and divisibility follows. In addition, as remarked

in 2.1, we may assume 1 € I'y,, thus Q C R which implies that I'y, is dense in

R. [l

A crucial property of valuations of algebraically closed, valued fields is that the
surjective valuation map splits. Later this will play a key role in the definition of

initial forms.

Proposition 2.11. Let K be an algebraically closed, valued field. The surjection
val: K* — T'yy splits, i.e. there is a group homomorphism ¢ : (I'y,, +) — (K7, )
with val(¢(w)) = w for all w € T'y,.
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Proof: As K is algebraically closed we have a'/" € K for all a € K and n €
Z\ {0}. Thus for all @ € K* we get a group homomorphism

va: (Q+) = (K7,), x> a (2.2)

which obviously satisfies val(¢,(z)) = z-val(a). By Lemma 2.10, I'y,) is a divisible
group, so for all g € 'y, and n € Z\ {0} there exists h € T'y,; such that nh = g. As
', is torsion-free as a subgroup of R, this A is unique and we denote the element
1

~-g:=h.

Thus we get a well-defined scalar multiplication

m 1
e (Qarval) — FV&l? <_>g> = — (mg)>
n n

which in turn defines on I'y, the structure of a Q-vector space.
Let (w;)ier be a Q-basis of I'y, for an appropriate index set I and recall the

canonical isomorphism

¢: Tl = EPQ ) Niw; > (Miier, Q3 A =0 for almost all i, (2.3)

iel iel
For every i € I choose a; € K* with val(a;) = w;. For the i-th direct summand
['; (which is isomorphic to Q), we get a group homomorphism ¢, : I'; - K* as
defined in (2.2). Furthermore denote by ¢; the canonical inclusion ¢;: I'; = @,.; Q.
By universal property of direct sum, there is a homomorphism ) D, (Q,+) —
(K*,-), such that for all i € I have Yoy = ©q;, 1.€. the lower triangle of diagram

(2.4) commutes.

(Fvab +) E— @ie]((@7 +) (2'4)

The homomorphism 1/; is explicitly given by

B )ien) =[]

i€l

= 0 for almost all %
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Then v := 1 o ¢ is the desired group homomorphism. Indeed, let w € Ty, i.e.
w =Y .. \w; for \; € Q almost all zero. Obtain

val(th(w)) = val(th o ¢(w)) = val( [T ) = = A val(a;) = w.

il iel o

]

Remark 2.12. The advantage of the proof just given is that it is constructive
if the valuation group is finite dimensional as a QQ-vector space. By means of
homological algebra, however, one can give a much shorter proof for the existence
of the splitting: We consider the exact sequence of abelian groups (thus naturally
as Z-modules)

0 — ker(val) — K* 2 Ty — 0.

For an n-th root b of some element a € ker(val) we have val(b) = Lval(a) = 0, thus
ker(val) is divisible, in particular an injective Z-module and the sequence splits.

Hence we get desired homomorphism ¢: Iy, — K* satisfying val o ¢) = idp

val

Considering the field of Puiseux series K {{t}} with its natural valuation, we have
val(K{{t}}) = Q, and we obtain a splitting ¢: Q — K{{t}}, w — t“. Reminiscent
of this map, if a splitting exists, we will use in general the notation ¢t to denote
the element ¥ (w) € K*.

Remark 2.13. In 2.11 we needed to assume that the valued field is algebraically
closed. In general a splitting does not exist, as we will see now. The following
counterexample follows the guided exercise [MS15, Exercise 2.7(6)]:

Consider any field K and let L := K(X;, Xs,...) be the field of rational func-
tions in countably many variables. This can also be expressed as the union
L =Upen., K(X1,...,X,). Foran f(X1,...,Xp) = S0 GXq"0 - X, m €
K[Xq,..., Xy with ¢; € K,u;; € N, we set

-----

It is easy to check that this yields a valuation val: L* — Q,% — v(f) — v(g)
which satisfies val(c) = 0 for all ¢ € K, as well as val(X;) = % for all j € Ny,
in particular I'y;; = Q. We now suppose that a splitting ¢: Q — L* exists. Thus

there exist f,g € K[Xi,...,X,,] for some m € N, such that ¢(1) = 5. Note
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that f ¢ K, thus not a unit in K[X3,...,X,,]. The polynomial ring in finitely
many variables is a unique factorization domain. We may assume that f, g have no
common prime factors and that f has prime decomposition f = c- plf . pﬁf, where ¢
is some unit and k > 0. Choose n > max{ly,..., [y}, and get h,i € K[Xq,..., Xz]
for some m € N, such that gb(%) = % Again, we may assume that h,7 have no
common prime factors, and that m > m. The prime factorization of f stays the
same in K[Xy,...,Xz]. But then 2= = ¢(n- 1) = ¢(1) = § is a contradiction to

the factorization of f, as n > max{ly,...,}.

We close this chapter with an example of how to extend a p-adic valuation on Q
to a number field. Interestingly, this will give as well some incentive for the study

of tropical polynomials. It is inspired by [MS15, Example 2.1.16].

Example 2.14. Let K be any number field with ring of integers O. Any prime
ideal p of Ok determines a valuation on K as in Example 2.8. So in order to
extend the p-adic valuation for a prime p, one can naturally choose any prime
ideal p lying above p and define an extending valuation on K by

1 V(T

valg: K* — —7Z, =+ ﬁ,

€p Cp
where e, is the ramification index of p over the prime p. The restriction of valg
to Q coincides with the p-adic valuation. Here we also see that in general an

extension of a valuation is not unique.

Now consider for example the imaginary quadratic number field K := Q(1/—29)
with ring of integers Og. The ideals 20k, 30k, 5Ok factor into a product of
prime ideals:

20k = p?, 30k = q1q2, 50K = 111y,

where p, q;,v; are distinct prime ideals in Og. To be precise, have p = (2,1 +
vV=29),q; = (3,1 + (=1)"v/=29) and v; = (5,1 + (—1)"/—29). The principal ideal
aOp of the element o := 1 + /=29 € O decomposes into aQx = p - ga - ta.
Thus, for an extension valg on K of the p-adic valuation we get the following

possibilities for valg(«):

1
p=2: valg(a) = 5
1

p=23,5: valg(a) =1or0
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We will anticipate some aspects of the following chapters. Given a polynomial
f(X) = > ;X" € F[X] with coefficients in some valued field (F,valp), we

define the tropicalization of f as the piecewise linear, real function
trop(f)(z) = min{valg(a;) +i-x |i € {0,...,n}}, (2.5)

and roots of trop(f) as the real points  where (2.5) fails to be linear, i.e. where

the minimum in trop(f)(z) is obtained at least twice.

Now consider the minimal polynomial f(X) = X2—2X +30 € Q[X] of a as above.

For the p-adic valuation on Q, we get tropical polynomials as follows:

1
p=2: trop(f)(z) = min{2x,1 4 z,1}, roots: 5
p=3,5: trop(f)(r) = min{2z,z, 1}, roots: 0,1
We see that the roots of the tropical polynomials are exactly the possible values of

valg (ar). So algebraic extensions of valued fields seem to be naturally connected

to solving tropical polynomial equations.






Algebraic Varieties

In this short chapter we take a look at basic concepts of algebraic geometry and
start working with the main ring of interest in this thesis: the Laurent polynomial

ring in multiple variables.
Definition 3.1. Let K be an algebraically closed field.
i.) The n-dimensional affine space A% over K is
A?( =A" = {(CLl,CLQ,. .. ,(Zn) | a; € K}

The coordinate ring of the affine space A" is the polynomial ring K[ X1, ..., X,].

The n-dimensional algebraic torus Tj over K is defined as
T}é =1T" = {(al,a2,. .. ,Cln) | a; € K*}

The coordinate ring of the algebraic torus T™ is the Laurent polynomial ring
K[XE, . X,

ii.) The affine variety V (I) defined by an ideal I C K[X;,..., X,] is
V(I):={a€ A" | f(a) =0 for all f e I}.

Similarly we define a very affine variety V(J) in the torus for an ideal J C
K[XE, . X

V(J):={aecT"| f(a) =0 for all f e J}.
15
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3 Algebraic Varieties

iii. )

For a polynomial f € K[Xy,...,X,] with

FXn LX) = D Clupan X X0

where the coefficients c(y,....,) € K are almost all zero, we often just write

.....

in a simpler form f = )" ¢, X" and define the support of f as supp(f) :=
{u e N"| ¢, #0}.

The degree of such a polynomial is deg(f) = maxy,enn {|u| | cu # 0}, where

ueNn

lu| =37, u;. The homogenization f of f is the homogenous polynomial f =
S enn CaXg B X Y € KXo, Xy, ..., X)), Anideal T C K[Xy, ..., X,)]
is homogenous if it has a generating set consisting of homogenous polyno-

mials. We similarly define all these terms in the Laurent polynomial ring
K[X:E, . XY,

Remark 3.2. Let K be a field.

i)

ii.)

For R := K[Xi,...,X,] we can regard the Laurent polynomial ring as
the localization S™'R of R at the multiplicatively closed set S := {X{* -
X2 X% | (ay,...,a,) € N*}. Hence K[Xi™, ..., X*1] inherits several

useful properties from R; it is in particular Noetherian.

Suppose K is algebraically closed. We place the Zariski topology on the
algebraic torus T by taking the closed sets to be

{V(I)| I ideal in K[X{ ..., X},

where V(1) is the very affine variety defined by I. It is easy to see that this
defines indeed a topology:

a.) Have ) = V((1)) and T" = V({0)).

b.) The Noetherianity of K[Xi", ..., X'] yields that two ideals I, .J satisfy
VUV (J)=V(I-J)=V(INJ),as I, J are finitely generated. Indeed,
let I = (fi,...,fn) and J = (g1,...,9m). Any a € V(I N J) satisfies
fig;(a) = 0 for all ¢, j. If there exists g with gi(a) # 0, then f;gi(a) =0
implies f;(a) = 0 for all 4, and vice versa. Hence V(I)UV (J) D V(INJ).
The other inclusion is clear. Thus a finite union of closed sets is closed

again.
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c.) To see that arbitrary intersections of closed sets are closed again, note

that for some index set J and ideals I;, j € J we have N;e,;V (L) =
V(Zje] I;), where

ZIj = {Zaj | a; € I;,a; = 0 for almost all j € J}.

jeJ jeJ
Remark 3.3. Let K be field and T := K*, n,m € Nyg. A monomial map
T™ — T™ is a map which is specified by m Laurent monomials in X,..., X, i.e.

a map

G:T" =T, (Y1, yn) = (W g™yt Y m), (3.1)

with a;; € Z for 1 <7 <n,1 < j < m. We thus see that such a monomial map can
also be represented by a matrix A := (a;;);; € M(n x m,Z). The m-th column of
A defines exactly the exponents of the m-th Laurent monomial. Furthermore we
have for y, z € T™ that ¢(y - 2) = ¢(y) - ¢(2) (with componentwise multiplication),
so a monomial map defines a group homomorphism between algebraic tori.

Also see easily that for two monomial maps ¢: T" — T™ represented by A €
M(nxm,Z) and ¢: T™ — T* represented by B € M (m x k) that the representing
matrix of ¢ o ¢ is given by A - B.

An automorphism of the torus T™ is an invertible monomial map. Hence it follows
immediately that the automorphisms of 7™ form a group which is canonically
isomorphic to GL,,(Z).

We finally observe that a monomial map as in (3.1) induces a ring homomorphism
o K[ZE, ..., ZE] — KX, ..., X7 which is given by ¢*(Z;) = X®* ... X i,

Here a Laurent polynomial ) _,. ¢, X" is mapped to

¢*( 3 cuZ“> =Y et
uez" uez”
If ¢ is an automorphism of T, we can also write

¢*( 3 cuX“> e &

ueL” uez”

We conclude this chapter with a lemma which is needed later when discussing

tropical hypersurfaces.
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Lemma 3.4. Let K be an algebraically closed, nontrivially valued field with a
splitting I'vap — K*, w — t* such that val(t¥) = w. Let aq,...,a, € k* and

wy, ..., w, € 'y, and consider the set
U:={y=(y1,-..,yn) € T" | val(y;) = w;, t™Wiy; = ; fori=1,...,n}
Then U is dense in 1™ with respect to the Zariski topology.

Proof: Let B # () be open subset of T". We need to show BN U # (). We have
T" \ B = V(I) for some nontrivial ideal /. Let h € I nonzero and y € U with
h(y) #0. Theny ¢ V(I) =T"\ B, soy € B. It thus suffices to show that for any
nonzero polynomial » € K[X;™, ..., X there is a point y € U with h(y) # 0.

Let h # 0 be a Laurent polynomial. For each ¢ we choose an appropriate lift z;

in the valuation ring R with Z; = «;. Then y; := t"iz; satisfies val(y;) = wj, as

a; # 0 implies val(z;) = 0. Furthermore t=%iy; = t~witwiz, = q.
For each coordinate y; there is an infinite number of distinct choices in K*; sim-

ply note that I'y, is dense in R by 2.10 and that g; := y; + t“i*7 also satisfies

val(;) = w; and t=wig; = =Wy, + ti = o for all j > 0.
=0
We now show by induction on n that there is y € U with h(y) # 0. For n = 1 we

choose y; from the infinite number of choices with val(y;) = w; and W = o
in a way that avoids the finitely many roots of h.

Suppose n > 1 and write h = >_., h;Xj for h; € K[X{', ..., X)), By in-
duction hypothesis and argumentation with infinite choices as above, there is a
v = (Y1, Yn1) € (K*)" 1 with val(y;) = w; and t~"iy; = oy with h;(y') # 0
for all j. Then again, we can choose ¥, with val(y,) = w, and =¥y, = o, in a

way that avoids the finitely many roots of h(yi,...,y._1) € K[XF1]. H



Tropicalization and Initial Forms

In this chapter we introduce tropicalization of Laurent polynomials and of auto-

morphisms of the algebraic torus, as well as initial ideals in a tropical sense.

Throughout the chapter, K is always a valued field. We do not need that K is alge-

braically closed, however we again assume that a splitting ¢: 'y — K*, w +— t¥

exists.

Definition 4.1. i) Let f =Y ;. c.X" € K[X;,..., XF]. The tropicaliza-

ii.)

tion of f is the piecewise linear function trop(f): R™ — R given by
trop(f)(w) = min{val(c,) + (w,u) | u € Z" and ¢, # 0}. (4.1)

Here (u,w) denotes the standard Euclidean inner product, ie. (u,w) =
Yo uw; for w = (uq, ..., u,),w = (wr,...,w,) € R™

Thus trop(f) is the real valued function on R™ which is obtained by replacing
each coefficient by its valuation and performing all additions and multiplica-

tions in the tropical semiring.

Fix a weight vector w € R™ and let W := trop(f)(w). Then the initial form

of f with respect to w is defined as

in(f) = Y = tvlle X" ek[X{, X (42)
uesupp(f),
val(cy )+ {u,w)=Ww

Note that if w € I'},; we can also write

in,(f) = Y tWHuwe, X", (4.3)

UEL™

19
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This is indeed well-defined, as in this case =W + (u, w) € Ty,

Example 4.2. i.) Consider the field of Puiseux series C{{t}} with its natural
valuation and let f = (t + ¢3)X; + 3t* Xy + 3t X, Xy € C{{t}}[ X1, Xo]. Get
trop(f)(w) = min{1 +wy,4 + wsy, 1 + w; +ws} for w = (wy, wy) € R% Hence
for w = (1,1) obtain in,(f) = t-1(t+t3)X; = X;. For w = (0,0) get
in,(f) = X1 +3X, Xs.

ii.) The field K = Q with the p-adic valuation admits a canonical splitting
7Z — Q,a — p®. It is easy to see that in the residue field k every element
in Z lies in one of the distinct classes of 0,1,...,p — 1. For any = € Q with
val(™) = 0 we may assume after appropriate cancelling that p { n, so there
are k,l € Z with In+kp = 1. Thus we get a := 2 —Im = m—lmn _ kam with
val(a) > 0, hence 2 = Im € k and k has exactly p elements. Thus k = Z/pZ
and we can regard the initial form of a polynomial as having coefficients in

Z/pZ.

Definition 4.3. Let I be an ideal in K[Xi', ..., X*'] and w € R". We define
the initial ideal in,(I) as the ideal in k[X;™, ... X*!] which is generated by the

initial forms of elements in I, i.e.
ing (1) = (inu(f) | £ € I) CRIXE, ..., X2

Remark 4.4. Initial forms and ideals play an important role in tropical geometry,
as we will see. However, for arbitrary choices of a weight vector w, the initial form
in,(f) of a Laurent polynomial f may be a unit in k[X{' ..., X*'] and might
hence generate the whole ring. This is exactly the case when the minimum in
trop(f)(w) is achieved only once. If this happens, the initial ideal of any ideal
containing f comprises no information at all.

It is one objective of tropical geometry to study the weight vectors w € R" for
which the initial ideal is actually a proper ideal in k[X7™", ..., X']. Kapranov’s
Theorem, our main result in this thesis, draws an astonishing connection between

those special weight vectors and very affine varieties defined by principal ideals.

We will now prove some general facts in order to better understand the structure
of initial ideals.
The following lemma shows that the sum of initial forms is again an initial form.

The idea of the proof follows [MS15, Lemma 2.4.2], however we need to assume
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n
val’

that the weight vector w lies in I'? |, because in general the claim will not be
true for any w € R™. Consider for example an arbitrarily valued field K with
Laurent polynomial ring K[X*! Y*!] and weight vector w = (a,b) € R?, where
a € Tya,b ¢ Ty, Obviously we have in,(X) = X and in,(Y) = Y. Suppose
there is f € K[X* Y*!] with in,(f) = X + Y. Then there exist ¢,d € K* with

val(c) + a = val(d) + b, which implies b € Iy, in contradiction to our assumption.

Lemma 4.5. Let w € T, f1,..., fm € K[X{, ..., X, Set W; := trop(fi)(w)
and suppose g := Y . in,(f;) # 0. Then

i in(f;) = in it—Wi fi). (4.4)

Proof: Set g:= Z;’;l t=Wif,. First note that W; € 'y, for all 7, so g is actually
well-defined. Fori=1,...,m write fi = > ;n ;X" with ¢;, € K. We thus get
g= Z a, X", for a, = Zcivut_wi

ueEL” i=1

and furthermore

trop(g)(w) = min {val(a,) + (w,u)} = min {val(Zci,utWi> + (w,u)}.

u€supp(g) u€supp(g)

Have trop(g)(w) > 0, as
val(a,) > miin{val(ciyu) —trop(f;)(w)} > —(w, u).

Suppose that trop(g)(w) > 0. Choose u € supp(g) and have val(a,) > —(w,u).
This implies for the u-th coefficient in g that (consider notation of initial form as
in (4.3))

Val( Z cz-,ut_Wi+<w’“>> = val(( Z cZ”ut_W") . t<w’“>> = val(a,) + (w,u) >0,

1=1 =1

hence > 7" ¢ t=Witlwu) = () in contradiction to u € supp(g). Note that this
argument is indifferent to a, = 0.

Thus trop(g)(w) = 0. We obtain for the u-th coefficient in in,(g) (as in (4.3)) for
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any u € Z" that

aut—trop(g)(w)+<w,u> — aﬂt(w,u) — (Z C@ut_Wi) twu) — Zci’ut—wi-‘r(w,u),

i=1 =1

which is exactly the u-th coefficient in g. This completes the proof. O]

The next proposition is a collection of some general results about initial ideals.

n

" 1, however

Note that in the third statement we will again need to assume w € I’
the fourth statement holds for all w € R™ again. We will see in Remark 4.8 that
this immediately implies that a single polynomial already represents a tropical

basis for its own principal ideal.

Proposition 4.6. Let f,g € K[X{,..., X ] and let I C K[X;',..., X*!] be
an ideal, as well as w € R™. Then the following holds:

i.) The initial ideal in, (/) admits a finite generating system

inw([) = <inw(f1)7 s >inw(fm)>7 fla cee 7fm el

ii.) Have in,(f - g) = in,(f) - in,(g).
iit.) If w € I, and h € in, (1), then h = in,(h) for some h € I.

iv.) If X* € in, (/) for some u € Z", then X* = in,,(h) for some h € I.

Proof: 1i.) is clear, because K[Xi!, ..., X*!] is Noetherian by 3.2.
For ii.) consider f =" X% and g = > d, X" € K[X{!, ..., X, and

we may assume that f, g are nontrivial. Get

fg= Z e, X", for e, = Z Culy .

vEL™ u,u' €Z™,
utu'=v

uez" uezZm

Let Wy := trop(f)(w), Wy := trop(g)(w) and we obviously have

trop(fg)(w) = min{val( Y- cudy) £ {w.v) ) > trop(f)(w) + trop(g) u).

u+tu'=v _ ’
-~ 7 _<w7u>+<w7u >’

I
>min{val(cy)+val(d,/)} for any utu'=v

In order to see equality, consider Z" with the lexicographic ordering “>", i.e.

u > v’ if in the vector difference v — u' the leftmost nonzero entry is > 0. This
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is a total order, so we choose maximal z € supp(in,(f)), 2" € supp(in,(g)). For

v := 2z + 2’ obtain

val(e,) + (w,v) = val( Z cudu/> + (w,v)
u,u’ €Z™,

utu'=v

> minv{val(cu) +val(dy)} +(w,v)

utu'=
A

:val(cz):\/al(dz/),
as z€supp(inw (f)),2' Esupp(inw(g))
Let u,u' € Z" with u + «' = v and val(c,) + val(d,) = val(c,) + val(d,/). Then
u € supp(ing,(f)),w € supp(in,(g)). As u+ v = v = z + 2/, maximality of z, 2/
yields 0 > u — 2z =2/ — 4/ > 0, thus z = u, 2/ = «/. Thus the minimum in (4.5) is

obtained only once, which implies equality by Lemma 2.5, and we get
val(e,) + (w,v) = val(c,) + val(d./) + (w, z) + (w, 2’y = Wy + Wh.
Hence trop(fg)(w) = W1 + W5 and we immediately get

in, (fg) = S X
vEZ™,
val(ey)+(w,w)=W1+Wa

_ Z Z Codyt—valles) XV

VvEL™, utu'=v
val(ey)+(w,v)=W1+W>

:< 3 WX)( ) WX)

uczZm", u' ez™,
val(cy )+ (u,w)=W1 val(d, )+ (v ,w)=Wo

= iny, (f) - iny(g).

n
val

In order to prove iii.), let w € I, and nontrivial A € in, (/). By i.) and
by considering products of monomials with generators only, we can write h =
> aiX"in,(g;) with a; € k*,u; € Z™ for some s € N and ¢; € I. Choose
appropriate lifts ¢; in the valuation ring R with & = a;,val(¢;) = 0. Then
get ing (6 X%) = vl X% = g, X% With ii.) obtain h = 327 | in,(g) for
g; = ¢;X"g; € I. The construction in Lemma 4.5 yields an h e I with h = inw(ﬁ).
At last prove iv.). For this let u € Z", X" € in,([). Note that as in iii.), we
can write X* = >°7 in,(f;) for some s € N and f; € I. If supp(in,(f;)) N

supp(ing(f;)) # 0 for some 4,5 € {1,...,s}, then trop(f;)(w) — trop(f;)(w) =
val(a) — val(b) € T'ya for some a,b € K*. A similar argument as in 4.5 shows that
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iny, (fi) +inw(f;) = inw(g) for
g= (ttrop(fj)(w)—trop(fi)(w)fi) + fj € Ia

as g satisfies trop(g)(w) = trop(f;)(w). Hence, after possibly combining them, we

can assume that the supports of the in,(f;)’s do not intersect. So there can be no

s .

coefficient elimination in X* = )7 | in,(f;), which implies that there is actually

only one f; and this one satisfies in,(f;) = X™. O

We finally show a useful result that initial ideals preserve homogeneity.

Lemma 4.7. Let I C K[X{', ..., X*!] be a homogenous ideal. Fixw € R™. Then
in, (I) is homogenous as well, and there are homogenous polynomials g1, ..., gs
such that in, (1) = (ing(g1), - - -, in,(gs))-

Proof: First show that in, () is homogenous, i.e. that there is a generating sys-
tem of homogenous polynomials. Let hy, ..., h, be a finite homogenous generating
system of I (finiteness is possible because K[Xi', ..., X*!] is Noetherian by 3.2),
and let f =37 gh; €I If g, = Y uezn Ca X" for i € {1,... 7}, note that the
summands ¢, X"h; in g;h; = ZueZn cuX"h; are all homogenous and are elements
in /. Hence we can write f = Y., f; for homogenous f; € I. By possibly combin-
ing the f;’s of same degree, we may also assume that deg(f;) # deg(f;) for ¢ # j.
This implies in particular that supp(f;) Nsupp(f;) = 0 for i # j. Hence we see
immediately from the definition that in,(f) is the sum of initial forms of those
fi with trop(f;)(w) = trop(f)(w). Since each homogenous component f; lives in
I, the initial ideal in,(I) can be generated alone by elements in,(h) with h € T
homogenous. By definition, the initial form of a homogenous polynomial is ho-
mogenous as well, so in, (/) is a homogenous ideal. Then again by Noetherianity,

we can reduce this homogenous generating set to a finite generating subset. [

Remark 4.8. It can be shown that every ideal I C K[X;™, ..., X!] possesses
a finite generating system 7 = {fi,..., fm | fi € I} such that for all w € R"
the initial ideal in, (/) contains a unit if and only if in,(7) = {in.(f) | f € T}
contains a unit.

Such a generating system of [ is called a tropical basis. The proof of existence
is rather involved; for details see [MS15, Section 2.6]. A tropical basis has the
advantage that the question posed in Remark 4.4, if an initial ideal generates the

whole ring, can be answered by merely looking at the finitely many elements of
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its tropical basis. For example, any f € K[XF', ... X*'] is also a tropical basis
of the principal ideal (f) it generates. Indeed, suppose that in,((f)) contains a
monomial h. By Proposition 4.6 iv.), h = in,(fg) = in,(f)in,(g) is a unit for

some g € K[X;™, ..., X*]. But then in,(f) is of course also a unit.

We close this chapter by constructing tropicalizations of monomial maps of the
algebraic torus. After that, we will have gathered all the tools necessary to show

Kapranov’s Theorem, the main result of this thesis.

Remark 4.9. (Tropicalization of monomial maps) Let K be a valued field

with algebraic torus T':= K* and for n,m € N consider a monomial map

qb: Tn N Tm,(yl,-.-,yn) — (ylllu .__ygm’yiﬂlz__,yzm’“'?ylllln .__ygnm)7

with a;; € Z. The corresponding matrix to ¢ is thus given by A = (a;5);; €
M(n x m,Z). Denote by a. the k-th column of A for k =1,...,m. Asin 3.3, the
map ¢ induces a ring homomorphism ¢*: K[ZF', ..., Zt] — K[X{', ..., X
given by ¢*(Z) = X%. Also denote by ¢* the Z-homomorphism ¢*: Z™ — Z"
given by ¢*(e;) = a;, where ey, ..., e, is the standard basis of Z™. Again, this
canonically induces a map Hom(Z",Z) — Hom(Z™,Z), p — po¢*. We have Z" =
Hom(Z™,Z) by mapping to dual basis, i.e. by sending e; to the homomorphism
e;: L™ — Z,ej — 0;5. Here §;; denotes the Kronecker delta. Putting this together,

we get an induced Z-homomorphism, called the tropicalization of ¢:
trop(¢): Z" — Hom(Z™, Z) — 7™

m
e; — (6:< @) (b*I €; —> aij) = Zaike}‘; —> (aﬂ, . 7aim)-
k=1

Hence the corresponding m X n-matrix to trop(¢) is exactly (aj;);; = AT. We also
denote by trop(¢) the vector space homomorphism obtained by passing to tensor

product R ®yz Z". Recall that we have a canonical isomorphism
R" >R ®zZ", (z1,...,7,) — Z(:cz ® €;),
i=1

hence a short calculation shows that trop(¢) : R — R™ is canonically given by
trop(¢)(z) = ATx.
Note that trop(¢)(I'”.

val

) C I'\. Indeed, for y = (y1,...,y,) € T™ and val(y) :=

val*
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(val(yy), ..., val(y,)) have

trop(¢)(val(y)) = A" val(y)
= (<6L1, V&l(y)), o <a’ﬂ17 Val(y)>7 )
= (val(yy* -y ), . val(y™ - yp)

= val(¢(y)).

(4.6)

Given a monomial automorphism ¢, we will later see that tropicalization of ¢
has the advantage that for a Laurent polynomial f and w € R", the initial form
Merop()(£) (@~ (f)) inherits many properties from in,(f). Hence tropicalization
provides a useful tool for studying initial forms under coordinate changes of the

torus.



Tropical Hypersurfaces

We now introduce the tropical hypersurface. This is the tropicalization of a very

affine variety generated by a Laurent polynomial over a valued field.

Definition 5.1. Let K be a field with a (possibly trivial) valuation and f €
K[X, ..., XY, The tropical hypersurface trop(V (f)) is the set

trop(V(f)) = {w € R™ | the minimum in trop(f)(w) is achieved at least twice}.
(5.1)

We see that the tropical hypersurface consists of all points in R™ where the piece-
wise linear function trop(f) fails to be linear. If the valuation on K has a splitting
w — t*, then the notion of initial forms exists and trop(V(f)) can be rephrased
as the set of weight vectors w € R™ for which the initial form in,,(f) is not a unit
in k[Xi', ..., X*']. The equivalence of these definitions is a part of Kapranov’s

Theorem.

Example 5.2. Let K = C{{t}} with its natural valuation. Consider the bivariate
polynomial f € K[X*,Y*#!] given by f = tX3V2 + #2XY + (1 + t*)X. Then
trop(f)(wq, wy) = min{1 4 3wy + 2ws, 2 + wy + wq, w1 }, and one easily sees that

trop(V(f)) = {ws =1 — 2wy Awy > g}

1
U{'LUQZ—E—’LUl/\’LU1<—}

The corresponding graph is the tropical curve shown in Figure 5.1.

27
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(3/2,-2)

FIGURE 5.1: Tropical curve of tX3Y?2 +#2XY + (1 +t*)X.

We now formulate Kapranov’s Theorem which links the classical hypersurface V'( f)
with trop(V(f)). However, we need to assume that the field K is algebraically
closed and has a nontrivial valuation. For an arbitrary field K with a nontrivial
valuation, we can pass to the algebraic closure K and extend the valuation to K,
which is possible by Theorem 2.3. If K is trivially valued, we may pass for example

to K((t)) with extension of the usual valuation as in 2.9.

Theorem 5.3. (Kapranov) Let (K, val) be an algebraically closed field with
a nontrivial valuation and we fix a Laurent polynomial f(X) = > ;. c,X" €
K[Xi, ..., X*!]. Then the following three sets conincide:

i.) the tropical hypersurface trop(V(f)) C R";
ii.) the set {w € R™ | in,,(f) is not a monomial};
iii.) the closure in R” of {(val(y1),...,val(yn)) | (¥1,--.,yn) € V(f)} with respect

to the Euclidean topology.

Furthermore, if f is irreducible and w € T'?, Ntrop(V(f)), then the set {y € V(f) |

val

val(y) = w} is Zariski dense in the hypersurface V'(f).

Lemma 5.4. Let K be algebraically closed, valued field, and f=3%" . c, X" €
K[XE . , X*1]. Then the closure A with regard to the Euclidean topology of

the set A :={w € I'?, | in,(f) is not a monomial} is
A= B :={w e R"|in,(f) is not a monomial}.

Proof: As K is algebraically closed, the value group I'y,; is dense in R by Lemma

2.10. Thus every open neighborhood of a point in B intersects A, hence we have
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A C B C A. So we merely need to show that B is closed, i.e. show that C :=
R™\ B = {w € R™ | in,(f) is a monomial} is open. We give a complete epsilon-
delta proof.

Let w € C. Then the minimum in trop(f)(w) = min(f){val(cu) + (u,w)} is

uesupp

achieved only once, i.e. there exists v € supp(f) such that for all u # v we have

val(c,) + (v, w) < val(c,) + (u,w).

So given any u € supp(f), define the obviously continuous function

gy R" = Rz — val(c,) + (u, ).

Have g,(w) < g,(w) for all u € supp(f) \ {v}. Let € := min  {g,(w) —
uesupp(f)\{v}

gu(w)} > 0. Because of continuity of the g,’s, for each u € supp(f) \ {v} get
d, > 0 such that |g,(w) — g,(w)| < § for all @ in the open ball Bs, (w) around w.

Set  :=  min  {d,} and let z € Bs(w).
uesupp(f)\{v}

Then for all u € supp(f) \ {v} we have

€ €
gu(z) — go(z) > gu(w) — = — go(w) — = > ce—e=0.
—~ =~ 2 2 gu(w)—gu(w)>e

Sgu(w)—5  <go(w)+5

Thus the minimum in trop(f)(x) is also achieved only once and in,(f) is a mono-

mial, which implies Bs(w) C C and C' is open. O

Proof of Theorem 5.3: Let w = (wy,...,w,) € trop(V(f)). By definition
(5.1), the minimum in W := trop(f)(w) is achieved at least twice. Therefore, by
definition of initial forms, in,(f) is not a monomial. Thus set i.) is contained in
set ii.). Conversely the same: if in,(f) is not a monomial, the minimum in W is
achieved at least twice, so w € trop(V'(f)). So set i.) and set ii.) are equal.

We now prove that set iii.) is contained in set i.). By Lemma 5.4 set ii.) (and
thus set i.)) is closed, so it is enough to show that points of the form val(y) =
(val(y1), ..., val(y,)) where y = (y1,...,y,) € V(f) lie in set i.).

Let y € V(f), then f(y) = >_,czn cay” = 0. This implies

val( Z cuy“> = val(0) = oo > val(c,y")

ueL™
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for all v € supp(f). By Lemma 2.5, this means that the minimum in

min {val(c,y")} = min {val(c,) + (v,val(y))}
vesupp(f) vesupp(f)

is achieved at least twice. Hence val(y) € trop(V(f)) and set iii.) is subset of set
i).

It remains to show that set i.) is contained in iii.). This result follows directly from
the following proposition and Lemma 5.4. Proposition 5.5 states that a root of an
initial form lifts to a root of its defining Laurent polynomial. Note here that by
2.7 the residue field k is algebraically closed as well. So assuming that a root of an
initial form exists does not pose any restriction. In addition, the proposition also
shows that the set {y € V(f) | val(y) = w} is Zariski dense when f is irreducible,

and we are done. O

Proposition 5.5. Let K be algebraically closed, valued field and f = 3" . c, X"
€ K[Xi', ..., X*]. Let w = (wy,...,w,) € I',. Suppose that in,(f) is not a
monomial and a = (ay, ..., a,) € (k*)" satisfies in,(f)(a) = 0.

Then there exists y = (y1,...,yn) € T satisfying f(y) = 0, val(y) = w, and
t—Tiyi:oziforlgiSn.

Furthermore, if f is irreducible, then the set of such y is Zariski dense in the

hypersurface V(f).

We will use in the proof of 5.5 that these properties of f are invariant under coordi-
nate change, which is the statement of the following lemma. It is a generalization

of the special case used in the proof of [MS15, Proposition 3.1.5].

Lemma 5.6. Let f,w,« and y as in 5.5.

Let ¢ be a monomial automorphism on 7™. Also denote by ¢ the monomial
automorphism induced on (k*)*. Set & := ¢(a),w := trop(¢)(w), f := ¢~ *(f)
and g := ¢(y). Then f, w, & and gy satisfy the same properties as in 5.5, i.e.:

i) well;:

val’

ii.) ing(f) is not a monomial;
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Vl) t_wigi = ;.

Proof: Let A € GL,(Z) be the matrix representing the monomial map as in
Remark 3.3 and have f = Y wezn c XA = Y wezn CAuX". By (4.6), we have
val(g) = trop(¢)(val(y)) = trop(¢)(w) = w, which shows i.) and v.). The rest
follows easily by simply plugging in the identities. We show ii.) and iii.) exem-
plarily.

For ii.) note that supp(f) = A™! - supp(f) and

trop(f)(@) = trop(¢~"*(f))(trop(¢)(w)) = min _{val(ca,) + (u, ATw)}

u€supp(f)

= min {val(cq-14,) + (A7 u, ATw)}
u€supp(f)

= min {val(c,) + (u,w)}
u€supp(f)

= trop(f)(w).
(5.2)

In particular in (5.2) we see that the minimum in trop(f)(w) is achieved only once

if and only if it is achieved only once in trop(f)(w), which shows ii.).

For iii.) set W := trop(f)(w). With (5.2) obtain

na(H@ = Y reeong(a)”

u€supp(f),
val(cay )+ {u, AT w)y=W

—_— -1
— E t—val(cu) CuOéAA u

uesupp(f),
val(cy )+ {u,w)=W

= inu(f)(@) = 0,

]

Proof of Proposition 5.5: Show the claim by induction on n. Let n = 1.
As we are looking for a root of f, and as forming of inital forms commutes with
multiplication by units by 4.6, we may multiply f by a unit if necessary and assume
that f(X) = Y7, X" where ¢, ¢ # 0. As K is algebraically closed, get f =
[T, (a;X —b;) for appropriate a;,b; € K*. Hence in,(f) = >, in,(a; X —b;)
by Proposition 4.6 ii.). So there exists some 0 < j < s such that in,(a; X —
bj)(a) = 0. As a € k*, this implies that in,(a;X — b;) is not a monomial.

Hence by definition of initial forms we must have val(a;) + w = val(b;), and
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ing, (a; X —b;) = t=vall)+wg X — =valb)p, so o = t=wb, Ja,. Set y :=bj/a; € K*.
Then obviously f(y) = 0, val(y) = val(b;) — val(a;) = w, and —*1®y = « as
required.
We now assume n > 1 and that the claim holds for smaller dimensions. We want
to reduce now to the case where no two monomials appearing in f carry the same
power of X,,. This has the consequence that, when f is regarded as a polynomial
in X, with coefficients in K[X:*, ... XF! ] the coefficients are all monomials of
the form d,X* for d, € K and v € Z" .
In order to show this, let [ € Nyy and consider the monomial map ¢;, where the
j-th column of the representation matrix A; is given by (d1;, ..., 0p-1,, 1) for 1 <
j<n-—1and(0,...,0,1) for j = n. Here J;; again denotes the Kronecker delta.
It is clear that ¢; is an automorphism, as A; is obviously invertible. The induced
automorphism ¢; on the Laurent polynomial ring is given by ¢;(X;) = X ijj for
1<j<n-—1and ¢;(X,) = X,. Now given any u = (uy,...,u, 1) € Z" we
have

G (XUXL) = X
If we choose [ very large, we obtain a polynomial ¢;(f) where each monomial
carries a different power of X, as desired. So by Lemma 5.6, we can reduce
the claim to those special ¢;(f)’s (once an appropriate y has been found, simply
apply Lemma 5.6 with ¢7(f), trop(¢; ')(w), ¢; (), ¢; ' (y) and monomial auto-
morphism ¢;).
So we now assume that f has this special form as above. We consider the set of
all y := (y1,...,Yn_1) € T " with val(y;) = w; and t—viy; = o for 1 <i <n— 1.
By 3.4 this set is Zariski dense in T™!. Because of f’s special form, for all such
choices the polynomial ¢(X,,) := f(yi1,...,Yn—1, Xn) is nOt zero.
We write v’ for the projection of a vector u € Z™ onto its first n — 1 coordinates.
Also by f’s special form, writing g(X,) = >..,d; X}, we have for all d; # 0
the coefficient d; = cuy“/ for a unique v = (uy,...,u,) € Z"™ which has u, = i.

Furthermore note that

val(d;) +wpi = Val(cu)—l—val(y“/)—i—wnz’ = val(c,)+ (v, u') +w,u, = val(e,)+(w, u),
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therefore trop(g)(w,) = trop(f)(w), and

S g,

i€supp(g),
val(d;)+wni=trop(g)(wn)

= Z t—val(cu)cut—<u’7w/>yu/X:an

iny, (9)

—~
—

) u€supp(f),
val(cuy™ )+wnun=trop(g)(wn)

= —val(c AU L U1
= E t—vallew)e, - of "t X

uesupp(f),
val(cy ) +(w,u)=trop(f)(w)

=1in,(f)(a1, ..., an_1,X,).

—~
g

For equality (1) note that val(y*) = («/,w’) and (2) follows from t~iy; = a; for
1<i<n—1.

Hence in,, (¢)(ay,) = 0. By the n = 1 case there is y,, € K* with val(y,,) = w,, and
t=wny, = a, for which g(y,) = 0, and thus f(y1,...,%n_1,%n) = 0. We conclude
(y1,---,Yn) is the required point in the hypersurface V (f).

It remains to show that if f is irreducible, then the set Y = {y = (y1,...,yn) €
V(f) | val(y;) = w;, t=iy; = oy for 1 < i < n} is Zariski dense in V(f). So we
need to show that any nonempty open set in V'(f) intersects Y. Let U C V (f)
be nonempty open set in V(f). Then V(f)\ U = V(I) NV (f) for some ideal
I C K[X{!, ..., X, We need to find a point y € Y with y ¢ V(I). Suppose we
have Y C V/(I), in particular any g € [ satisfies Y C V(g). If we can show that
g € (f), then already I C (f) and V(f) C V(I), hence V(I) NV (f) = V(f) and
U = ) in contradiction to our assumption.

So it suffices to show that any g € K[Xi',..., X ] with J C V(g) satisfies
g€ (f)

Given any (y1,...,%n_1) € T, with val(y;) = w; and t~viy; = o, for all 4, we
have just shown how to construct a point y = (y1,...,Yn—1,Yn) € Y. The set
of such (y1,...,yn_1) is Zariski dense in 7! by Lemma 3.4. This means that
the projection of ) onto the first n — 1 coordinates cannot be contained in V' (h)
for any nontrivial h € K[X{' ..., X*]. Now suppose there exists a nonzero
g € K[Xi', ..., X*] with ) C V(g). We have to show that g is a multiple of
f. Have (f,¢) N K[X{', ..., X ] = {0} (otherwise J would be contained in a
hypersurface in 7"!). We claim, that since f is irreducible, this already implies
that g € (f). This follows from a series of basic algebraic arguments which we will

nevertheless write out in detail:
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Denote A := K[X{', ..., XF] (so K[X{!, ..., X ] = A[X*']). After multi-
plying by appropriate powers of X,,, we may get f,§ € AlX,] = A[X] with
nonzero constant term. As (f,¢) N K[X;™, ..., X=1] = {0}, we must have
deg(f),deg(§) > 1 in A[X]. This implies that f is irreducible in A[X]. Indeed,
suppose f = f - X¢ for some c € Z and suppose f is reducible, so f = ab for non-
units a,b € A[X], in particular a,b are not monomials of A = K[X7, ..., X! ].
As the constant term of f is not zero, both a,b also cannot be monomials in
KX, X X,]. Have f = abX;°. As f is irreducible, this would however

n—1
imply that a or b is a unit in A[X*'], hence monomial in K[X7', ..., X' X,],
which is a contradiction.

The Laurent polynomial ring A is a unique factorization domain as it is a local-
ization of a polynomial ring in multiple variables.

Now we know that f,§ ¢ A by assumption and that f is non-constant, irre-
ducible in A[X] and hence also primitive. It is obvious that if f | § in A[X],
then also f | g in A[XF']. So assume f { § in A[X]. Let Q be the quotient
field of the unique factorization domain A. As f primitive, f { § in Q[X]. By
Gauss Lemma, f stays irreducible in Q[X]. But as Q[X] is a principal ideal do-
main, <f) is maximal and thus (f,§) = Q[X], so there exist a,b € Q[X]| with
af +b§ = 1. Clearing the denominators of the coefficients yields a nonzero ele-
ment in (f,§) NA = (f,g) NA#{0}in A[X*'] = K[X{,..., X*!], which is
a contradiction.

This completes the proof. O
We finally close this chapter with a short example confirming Kapranov’s Theorem.

Example 5.7. Once more let K = C{{t}} with the usual valuation. Consider
the bivariate polynomial f = XY +Y + 1 € K[X*!, Y+ with trop(f)(w:,ws) =

min{w; + ws, wy, 0} and
trop(V(f)) = {w1 =0 A wy <0} U{wy = —wy Awy <0} U{wy =0Aw; > 0}.

The curve is depicted in Figure 5.2.

Furthermore get

V) ={(5 ) 1 7€ K\ (-1}
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0,0)

FIGURE 5.2: Tropical curve of XY +Y + 1.

From val(——7) = —val(z+1) < —min{val(z), 0}, where equality holds if val(z) #

0, we obtain

(

(val(z),0) if val(z) > 0,
val(z), —val(z if val(z) <0,
(val(2), val( -y = § () —val(@) | (=) < (5.3)
z+1 (0, —val(z+ 1)) if val(z +1) > 0,
(

[ (0,0) otherwise.

As z runs over K* \ {—1}, the case distinction (5.3) describes all points in I'Z
which lie in trop(V'(f)). We recall that since K is algebraically closed, I'y, is dense
in R by Lemma 2.10, so the closure of these points is indeed the entire tropical

curve as claimed.
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