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1. INTRODUCTION

1.1.  Motivated by (p, q)-forms in complex analytic geometry, we will define in
this lecture the space AP(U) of superforms of bidegree (p,q) on an open sub-
set U C R". These superforms can be restricted to the support of polyhedral
complexes in R". By the Bieri-Groves-Theorem, a closed subscheme of the split
torus Spec(K [T, ... TF') maps to the support of a polyhedral complex in R”.
We want to use this connection to define differential forms on the analytification
Xa of an algebraic variety X over some algebraically closed field K. For this
we introduce the notion of very affine open subsets, i.e. open affine subsets of
X which embed as closed subschemes into some split torus. These form a basis
for the Zariski topology on X. We will then see that any open subset V' of X2
can be covered by open subsets of very affine open subsets which behave well
with respect to the tropical coordinates. This notion then allows us to define
differential forms on X", with an associated sheaf.

1.2. Let N be a free abelian group of rank r with dual abelian group M :=
Hom(N,Z) and associated real vector spaces Ng := N ®z R respectively Mg of
dimension r. The choice of a Z-basis of N induces isomorphisms N = Z", Ng =
R", Mr = R™ and leads to coordinates x1, ..., z, on Ng. Our following construc-
tions will only depend on the underlying integral R-affine structures and not on
the choice of coordinates. Here an integral R-affine space is a real affine space
whose underlying vector space comes with a lattice. Hence we restrict ourselves
to the case N = Z" with standard basis ey, ...,e,.. Note that in subsequent sec-
tions in the general case the algebraic torus Spec(K[N]) with character group N

takes the role of the torus Spec(K[T:, ..., T]) of rank 7.

2. SUPERFORMS ON R”"

2.1. Definition.

i.) For an open subset U C R” we denote by AP(U) the space of smooth real
differential forms of degree p. We define the space of superforms of bidegree
(p.q) on U as

APA(U) 1= AP(U) ®coeqry AUU) = AP(U) @ ATR™ = C(U) ®p APR™ @p ATR™.
1
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ii.) With choice of a basis z1,...,z, of R” we can formally write a superform

a € APY(U) as

a = E qud/x[/\d"xJ,

[1|=p,|J|=q

where I = {iy,...,4,} respectively J = {j1,...,,} are ordered subsets of
{1,...,7}, ar; € C®(U) are smooth functions and

dar Nd"vy = (dxy, N+ Ndx;) Qg (dzj, A--- Adzxj,).
iii.) We define the wedge product

APUT) x AP (U) — APt (1))

(a,B) = anp
in coordinates as
a/\ﬂ = Z (I[Jd/ZE[/\dIIZL‘J VAN Z ﬂKLd,I'K/\d”l’L
1=p,|JI1=q |K|=p",|LI=¢'
= (_1)p’q Z Oé]]ﬁKLd,ZL‘[/\d,l‘K/\d”[EJ/\d”l'L,

|I|=p,|J|=q,|K|=p',|L|=q

where d'z; A d'z € APPPR™ respectively d’z; A d"z;, € ATTTR™ is the
usual wedge product.
iv.) There is a differential operator

d: API(U) = AP(U) @g ATR™ — AP @p ATR™ = APTL(U)

given by D ®g id where D is the usual exterior derivative on AP?(U). Also
note that AP? = APR™ @ AY(U), and we define a second operator d” :=
(—1)P-id ®g D. In coordinates this gives

d/ Z Oé]]d/$] A d”l‘] = Z Z %dlﬂﬁl A d,.T[ A d”.%’]

[I|=p,|J|=¢ [1|=p,|J|=gq i=1

and

0
d” Z Oé]Jd,l’] N d”ZEJ == (_1)p Z Z ao;fjd/x[ VAN d/,l’i VAN d"xJ.

[I|=p,|J|=q [I|=p,|J|=q i=1

Finally define d :=d' + d".



2.2. Remark. As in differential geometry, we may view a superform

a=> 0;@w® € AM(U) =C*(U)® A’R™ @ AR"™
i=1
at a point z € U as a multilinear map

n

RPFE - R, (ny, ...y Npyg) — Z a;(z)wi(ng, ..., np) 1i(Mpt1, - -, Npig)
i=1

which is alternating in (ny, ..., n,) and (np41, .. ., Nprg). Wewrite (a(z);n1, ..., Npiy)
for a superform « and such an evaluation at x € U and nq,...,ny.q € R".

2.3. Remark.

i.) For superforms « respectively (3 of degree (p, q) respectively (p', ¢') one com-
putes easily the relations

d(aNB)=danB+ (=1)PTandp
and similarly
d"(aANB)=d"anB+ (-1 and'b.

Hence the choice of sign in d”.

ii.) Note that we have as usual d'(d'a) = 0 and d"(d"«) = 0, however in general
not d'(d"a) = 0. Indeed, for R? with coordinates x,y consider the superform
zy € A®O(R?) = C*(R?). Then d'(d"(zy)) = d'(yd"x + zd"y) = d'y ANd"x +
dzNd"y #0.

2.4. Remark.

i) Let F: R — R” with F(z) = f(z) + a be an affine map. Here f is the
corresponding linear map and a € R”. Furthermore let U’ C R” and U C R”
with F(U') CU.

Note that f induces a map f*: R™* — R™* which again induces a map
f*: APR™ — AFR"*. In particular we obtain a well-defined pullback mor-
phism

F*: AP(U) = C*(U) @r APR™ @g ATR™ — API(U')
gRwRu (goF)® ffw® ffu.
ii.) Note that with the representation AP%(U) = AP(U) ®g AYR"™ the pullback
for an affine map F' as above can be written as
F*: AP(U) @ ATR™ — AP(U") @p AR *w Qg 1 — F*w g f*pu,

where F*w is the usual pullback of smooth p-forms with respect to the
smooth function F'. In particular we obtain the corresponding result that
F* commutes with d’,d” and d.
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iii.) For nj,...,n,,, € R™ and 2’ € U’ the evaluation as in Remark of the
pullback can be written as

(F*a(@)inh, ...,y = (@(F@)); f(1h), -, ()

iv.) Let F': U' — U be a smooth map where U C R” and U/ C R" are open
subsets. We can define a 'naive’ pullback

F*: APYU) = AP(U) ®coo(rry AUU) — AP(U") ®coerry AYU') = APA(U)

which is just given by the tensor product of the usual pullbacks of smooth
differential p- respectively ¢-forms. This construction and the definition in
i.) match for affine maps, however in general for smooth maps it doesn’t
commute with d’,d”,d. Indeed, let U = R? and U’ = R and F(z,y) = xy
and t the coordinate in R, then d'F*(d"t) = d'(yd"x + zd"y) = dy Nd"z +
d'z Nd"y #0, but d'(d"t) = 0 and hence d' F*(d"t) # F*(d'(d"t)).

The reason is that d’ = D ® id, but the pullback on the second factor uses
the differential of F' at the point « € R”, which might depend on z. In the
affine case however, the differential has no such dependence.

3. SUPERFORMS ON POLYHEDRAL COMPLEXES

3.1. Reminder of basic definitions in convex geometry.

i.) A polyhedron o C R" is the intersection of finitely many halfspaces H; =
{w e R" | (u;,w) < ¢} with ¢; € R and u; € R™, i € {1,...,n}. A polytope
is a bounded polyhedron.

ii.) We say that o is an integral T'-affine polyhedron for an additive subgroup of
R if we may choose all u; € Z™ and ¢; € T'.

iii.) Let J = {j € {1,...,n} | (u;,w) = ¢; Vw € o}. Then A, = {x € R" |
(uj, ) = ¢; Vj € J} is the smallest affine subspace of R" which contains o.
Its underlying linear subspace is L, = {x € R" | (uj,z) =0 Vj € J}. The
dimension of o is dimo := dim L, .

iv.) In particular for an integral I'-affine polyhedron o (recall that ker(A) N Z"
is a lattice for a matrix A with integral coefficients) we obtain a lattice
Ze =L,NZ" in L,.

v.) The face of a polyhedron o is either o itself, the empty set or an intersection
of o with the boundary of one of its defining halfspaces.

vi.) An (integral I'-affine) polyhedral complex € in R" is a finite set of (integral
[-affine) polyhedra in R” which satisfies the following conditions:
a.) If o € € then all faces of ¢ lie in €.
b.) If 0,7 € €, then o N7 is a face of both.

vii.) The support |€| of € is the union of all polyhedra in . The polyhedral
complex € is called pure dimensional of dimension n if every maximal poly-

hedron in % has dimension n. Write € := {0 € ¢ | dimo = k} for k € N.
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viii.) A polyhedral complex & subdivides the polyhedral complex % if they have
the same support and every § € Z is contained in some ¢ € €. We then
say Z is a subdivision of €.

3.2. Definition. Let & be a polyhedral complex in R" and €2 an open subset of
€.
i.) A superform o € AP9(Q) of bidegree (p,q) is given by a superform o €
AP(V') where V C R" is open and V N |%| = .
ii.) Two forms o/ € AP4(V) and o” € AP4(W) with VN |€| =W N |€] = Q
define the same superform in AP4(Q) if their restrictions to any polyhedron
in € agree. That is, for all o € ¥ we have

(&' (x);01, ... vp, w1, . wg) = (" (T); 01, .o Uy, W, L W)

for all x € o N Q) and v;, w; € L,.
In this case we write /|, = o’|,. If a € AP4(Q) is given by o/ € APY(V),
write o/|q = a.

3.3. Remark.

i.) The definition of A,d,d’,d” on superforms on R" carries over to superforms
on polyhedral complexes.

ii.) Let F': R — R be an affine map F(z) = f(z) + a with F(|€"|) C |€| for
polyhedral complexes €’ C R and € C R”. Then we have f (Ly) C L, for
all 0’ € €' with F(0’) C ¢ for some o € €, after passing to some subdivision
if necessary. Hence the pullback in Remark carries over to a pullback
F*: AP49(€) — APY(E).

4. MOMENT MAPS AND TROPICAL CHARTS

In this and the following section, K is an algebraically closed and complete
field endowed with a nontrivial non-Archimedean absolute value |- |k (sometimes
we just write | - |). In particular the residue field K is also algebraically closed.
Let v := —log]| - | be the associated valuation and I" := v(K*) C R its value
group. Note that I' is a divisible, dense subgroup of R.

Also in the following let X always be an algebraic variety over K, i.e. an
integral ( <= reduced and irreducible), separated K-scheme of finite type.
Furthermore note that any open subscheme of X is an algebraic variety again.

4.1. Remark (Analytification). We recall that the topological space of the
analytification X" of X is the space of all pairs (p,p = |- |,), where p € X and
| - |, is an absolute value on the field x(p) = Ox,/mx,, which induces |- | on K.
The space X?" is endowed with the coarsest topology, such that the map

T=ker: X* = X, (pp=|-]p) —p
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is continuous and such that for each Zariski open subset U in X and each f €

Ox(U) the map
T H(U) =R, (pp=11p) = 1f ()] = £ ()],

is continuous.

Furthermore note that if X is affine, X" is exactly the space of multiplicative
seminorms extending | - |k endowed with the usual topology.

A morphism of varieties ¢: X — Y induces a morphism on the analytifications
@*: X — Y2 On topological spaces, this is given locally by precomposing
with ¢#, i.e. if ¢ = p(p) for some p € X, a pair (p,]-|,) maps to (q,] - |,), where
| - |4 is obtained by

#
p ||
Oyq/My,q = Oxp/mx, = Rxg.

In the affine case ¢: X = Spec(B) — Y = Spec(A) with ¢ = Spec(f: A — B),
X® (respectively Y?") can be seen as the set of multiplicative seminorms on B
(respectively A) extending | - |5 and on topological spaces we have

SOan: xean _y Yan’
[ [p = [a = [f(a)],].

4.2. Definition. We write T = G, = Spec(K[T:!, ..., TF"]) for the split mul-
tiplicative torus of rank r with coordinates 77, ...,T,. Recall that T is an affine
algebraic variety via T' = Spec(K [Ty, ..., T, S1,..., S /(T1.51—1,...,T.S,—1)).

i.) We define the tropicalization map

trop: T** = R",  p— (=log|Ti(p)],..., —log|T.(p)]),
which is clearly continuous.
ii.) For a closed subvariety Y of T, we call Trop(Y) := trop(Y*") the tropical
variety associated with Y .

4.3. Remark. For a closed subvariety Y of T" of dimension n, the Bieri-Groves-
Theorem says that Trop(Y') is a finite union of n-dimensional integral I'-affine
polyhedra in R". In tropical geometry it is shown even further that Trop(Y)
is an integral I'-affine polyhedral complex. The structure of this complex is
only determined up to subdivision, which does not matter for our constructions
though.

4.4. Definition and Remark. Let U be an open subset of the algebraic variety
X. A moment map is a morphism ¢: U — T to some split split multiplicative
torus T' = GJ,. The tropicalization of ¢ is

an t
Prop 1= trop o " U™ Lo 2B R

This is a continuous map with respect to the topology on U?".
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Let U’ C U be another open subset with moment map ¢': U’ — T' = G’,. We
say that ¢’ refines o if there exists an affine morphism of tori 1: G”' — G, such
that o = o ¢ on U'.

Here an affine morphism of tori stems from a group homomorphism Z" — Z"
composed with a (multiplicative) translation, i.e. it comes from a morphism

KT, TH - KT, T
ﬂ = aiTZia

* ! . Lo 2i,1 Z" /
where a; € K* and 2z; = (%1,...,2i,) € Z" with T% =1y .. T,

Now in the situation of a refinement above let z € (U’)* and set ¢ := ¢**(x) €
T2 respectively ¢ := (¢')**(x) € (1")*. The i-th component of yy,0p(z) satisfies

Puop(7)i = —log |T(c)| = —log |T~( ()] = —log [V(T) ()] =
= —logla;T*(c)] = —log Iazl+z 215 (—10g | T5()) = —logasl+ ) 2ijplop ()

j=1

Hence we see that ¢ induces an integral I'-affine map Trop(%)): R"” — R’ such
that (Ptrop = TI"OP(W © goérop on (U/)an

4.5. Remark. If ¢;: U; — GJ: are finitely many moment maps of nonempty
open subsets Uy,...,U, of X, then U := (), U; is an open subset of X which
is nonempty (because as variety, X is irreducible). Note that the fibre product
[, Gl = Spec(®, K[T7, ..., TH]) = Ga'" is a split torus as well and the
universal property of the product yields a morphism

Q=@ XX pp: U= GLi™i,

which refines each ¢; via the canonical projection maps. Moreover the universal
property of the fibre product immediately yields that for U’ C U open every
moment map ¢': U’ — T’ which refines every (; also refines .

4.6. Lemma. Let ¢: U — G], be a moment map on an open subset U of X and
let U’ be a nonempty open subset of U. Then @uop((U')*™) = @urop(U™).

Proof. [Gubl16l, Lemma 4.9].

4.7. Remark. Let U C X be an open affine subset. We construct a canon-
ical moment map @y as follows: By a generalization of Dirichlet’s unit theo-
rem the group My := Ox(U)*/K* is free of finite rank. Choose representatives
015+, € Ox(U)* of a basis, and we obtain a map



K[TF, ..., T — 0x(U),
T — o

which gives a moment map ¢y : U — GJ, =: Tyy. Note that this moment map
is "canonical’ up to base change and multiplicative translation by elements of K*.

4.8. Remark. Let f: X’ — X be morphism of algebraic varieties over K and
let U C X' and U C X be open subsets with f(U’) C U. Denote by g the
composition of morphisms of rings

Ox(U) 28 0y (11(U)) 12 0 (1),
U’

If o1,...,0, € Ox(U)* (respectively ¢,...,¢.,) are lifts of a basis of My
(respectively M), then g(p;) = a;'* for a; € K* and z; € Z"'. The morphism

KT TH) — K[TE, . T3,
ﬂ — CLiTZi

gives rise to a morphism ¥y ¢ : G’ — G, satisfying

Yuur o pur =gu o f
on U" (to see equality note again that G! is affine, hence Homgu, (U, G!,) =
HomRing(K[Tlilv e >Tr:t1]> OX(U)))
In the case X = X’ and f = id, get affine morphism of tori vy : G7, — G,
such that ¢y o @y = @y on U'. Hence for an inclusion U’ C U of open subsets
in X, the canonical moment map - always refines oy in the sense of Definition

44

4.9. Definition. An open subset U of is called very affine if U has a closed
immersion into a split torus.

4.10. Remark. For an open affine subset U C X the following properties are
clearly equivalent:

i.) The canonical moment map ¢y is a closed embedding.
ii.) U is very affine.
iii.) Ox(U) is finitely generated as a K-algebra by Ox (U)*.

The following lemma shows that all local considerations can be done using very
affine open subsets.



4.11. Lemma. Let X be an algebraic variety.

i)
ii.)

The intersection of two very affine subsets U < G”,, U’ < G, of X is very
affine again.
The very affine open subsets of X form a basis for the Zariski topology.

Proof. i.) As X is separated, the intersection of two affine subsets U N U’ is

ii.)

affine again and the canonical map U NU’' — U x U’ is a closed immersion.
The natural map ¢ x ¢': U x U’ — G!, x G = G/ is also a closed
immersion, as the corresponding map on the tensor products is surjective.
Hence UNU’ — G’ is a closed immersion.

Let x € X and U C X be open neighborhood of x. It suffices to show that
there is very affine open V around z with V' C U. As open subschemes
of varieties are varieties again, and by possibly passing to a smaller open
neighborhood, we can assume that U is affine with U = Spec(A), where A
is a K-algebra of finite type, i.e. it is of the form A = K[T3,...,T,]/a for
some ideal a. Let p denote the prime ideal of A corresponding to x and T}
the class of T; in A. Consider the elements fi,..., f, € A with

;= T, fT; #p
T+, T ep
Then V := D(fi)N---ND(f,) = D(f1---fn) € U = Spec(A) is open

1
Jifn

around z and corresponds to localization A . We obtain a surjective

K-algebra morphism
1
K[TF, ..., T — A {—} ,
i | Jieofa
T, — fi

which gives closed immersion V' — G7.,.
O

4.12. Remark. On a very affine open subset, we will always use the canonical
moment map oy : U — Ty := G, which is a closed immersion by Remark [4.10
We write Trop(U) := Trop(py(U)) C R” for the tropical variety of U in Ty;. For
the tropicalization map we briefly write trop;; := (¢u)trop: U™ — R”. Recall that
@y is only determined up to multiplicative translation and change of basis. Hence
by Definition , trop;; and Trop(U) are only canonical up to affine translation.

4.13. Definition.

i)

ii.)

A tropical chart (V, o) on X consists of an open subset V of X" contained
in U* for a very affine open subset U of X with V = trop;'(Q) for some
open subset Q of Trop(U). Note that trop, (V) = Q.

A tropical chart (V', pu) is called a tropical subchart of (V,py) if VV CV
and U' C U.
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4.14. Remark. Note that the analytification of morphisms preserves immer-
sions, i.e. if U C U’ as subschemes, then U C (U’)*. Hence we can talk about
inclusions (U')* C U C X" as in the definition above and about intersections
as below.

4.15. Remark. Let (V’,¢y) be a tropical subchart of (V, ) with V/ = tropg,/ ()
respectively V' = trop'(2) as above. By Remark oy refines ¢ and there

exists affine morphism ¢y such that ¢y oy = ¢y on U’ and hence trop;; =
Trop(¢y,) o tropy, on (U')2". Obtain

Trop(U) = tropy (U**) = tropy, (U')*) =
= (Trop(¢y,u) o tropy, ) ((U")*) = Trop(vu ) (Trop(U)).

Hence Trop(¢y ) restricts to a surjective affine map of supports of polyhedral
complexes
Trop(¢y ) : Trop(U’) — Trop(U).

Furthermore this yields

Trop (Yo, ) (') = Trop(Yy,u ) (tropy, (V') = tropU(\V/’_/) C Q.
cv

4.16. Proposition. The tropical charts on X*" have the following properties:

i.) For every open subset W C X®" and every x € W there exists a tropical
chart (V,¢p) with x € V. C W. Furthermore, V' can be chosen such that
trop (V) is relatively compact in Trop(U).

ii.) The intersection (V NV’ @unpr) of tropical charts (V) ¢p) and (V' ¢pr) is a
tropical subchart of both.

iii.) If (V,py) is a tropical chart and if U” is a very affine open subset of U with
V C(U")*, then (V, pyr) is a tropical subchart of (V).

Proof. i.) As the very affine open subsets form a basis of the Zariski topology on
X and X®" can be obtained by glueing, we may assume that X = Spec(A)
is a very affine scheme. A basis of X?" is formed by subsets of the form
Vi={z e X | sy < |filx)] <riy..y86 < |fe(z)] < rp}y with all f; € A
and real numbers s; < r;. We can even assume that all s; > 0. Indeed, let
r > 0. As |K*| lies dense in R, we can find a sequence (a,)nen in K*,
such that lim,,_, |a,| = 0 and all |a,| < 7, and it is easy to check using the
ultrametric triangle inequality that

(rex™ | |f@)] € 0.1} = fr e X [ |(f +a)a)] € (.07}

1€EN

for any f € A.

Now any V of such a form lies in the analytification of the very affine
open subset U := {x € X | fi(x) #0,..., fr(x) # 0}. In order to show that
(V,¢y) is a tropical chart, it remains to show that V = trop' () for some
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open subset 2 of Trop(U).

For this, let g1,...,9, € Ox(U)* = A[fl--lfk]* be lifts of a basis of Ox (U)*/ K*.

We can assume without loss of generality that ¢y is given by the map

Y K[TE, T — Ox(U), Ty g;.

For any j € {1,...,k}, there are a; € K* and z; € Z", such that f; =
aj - g% = (a;T%).

Note that trop; (z) = (—log(|g1(x)]),. .., —log(|gn(x)|)) for any x € U
and consider for any j € {1,...,k} the continuous map
a;: R" = R,

(Y1, Yn) — |aj| - exp (— Z zjlyl> .
i=1

See easily that
|fi(@)] € (s5,7;) <= ajotropy(z) € (s5,75)

for all j € {1,...,k} and x € U™.
k

Hence V = trop&l(m a;'(sj,15)).
j=1
=:0) open

Furthermore trop; (V) is relatively compact, as €2 is clearly bounded,
hence its closure is compact.
Let (V,op: U — GT,) respectively (V/,op: U' — G”') be tropical charts
with ©Q = tropy (V) respectively €' = trop;, (V') open subsets in Trop(U)
respectively Trop(U’). By Lemma the intersection U N U’ is very affine
via closed embedding

[0 PU X! Ny !
S UNU S UxU ™25 G x G =G,

Here « is the closed immersion coming from the canonical surjective map
Ox(U) @k Ox(U') = Ox(UNU’') (X is separated, hence intersections of
affines are affine). Now consider the following diagram of the underlying
topological spaces of analytifications:
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(U/ ﬂ U)an
(U x U)™ > U
Wman P?}n
(Gr X Gr )an 7r )an

trop

an l m
‘PU/ R" /4 PTOJ R"
lprOJ
trop

The commutativity of the diagram is clear except for subdiagrams (1) and
(2). Show commutativity of (1) (analogously for (2)): Let z € (G x G” )",
i.e. via the isomorphism as in Remark a multiplicative seminorm in
Spec(K[SF!, ... SELTE, ..., THY). As n®(x) is the precomposition of x
with

o ———

K[TF, . T = KIS, SO ek KT, T = KIS, S T

T

we see that |T;(7m2*(z))| = |Ti(z)|. Then

proj o trop(z) = (—log|Ti(z)l, ..., —log|T;(z)|) = trop o m" ().
Hence the whole diagram commutes. The diagram yields immediately that
the set Q" := Ouop,(UNU)™) N (2 x ) C R is an open subset of
Diop (U N U")). Furthermore @0 () =V N V', As yryr refines @, we
obtain affine map Trop(¢) as in such that

(I)trop - TTOP(?/J) ° trOpUﬂU’
n (UNU")*™ which immediately yields that

Q" := Trop() (") N Trop(U NU")

is an open subset of Trop(U N U’) with V NV’ = tropy . ().

iii.) We need to show that V = trop,(Q") for some open Q" in Trop(U”").
As @y refines ¢y, let as above Trop(¢)) be the affine map with trop, =
Trop(v)) o tropy» on (U")*. As (V, ¢p) is tropical chart, let Q := trop; (V)
be the corresponding open subset of Trop(U) with V = trop;'(£2). From
V C (U")™ we get as in ii.) that V = tropg,(Q”) for the open subset
Q" := Trop(¢)H(2) N Trop(U"). O

r
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5. DIFFERENTIAL FORMS ON ALGEBRAIC VARIETIES

5.1. Recollection. A tropical chart (V, ) consists of an open subset V' of U*"
for a very affine open subset U of X such that V = trop'(£2) for some open
subset 2 = tropy (V) of Trop(U). Here py: U — G, is the canonical moment
map. For such a moment map we shortly write 7y := G}, and Ry := R" (i.e.
omit the 7).

The tropical variety Trop(U) is the support of a polyhedral complex in Ry
via the tropicalization map trop;;: U*" — Ry. The canonical map ¢y is only
determined up to affine morphism of tori (see Remark , hence all tropical
constructions are canonical up to integral I'-affine isomorphism.

For a tropical subchart (V', pr) C (V, ) there is an affine morphism ¢y g : Ty —
Ty with oy = Yyp 0wy on U'.

The induced integral I'-affine map Trop(¥ypr): Ryr — Ry surjectively maps
Trop(U’) onto Trop(U) (see Remark[d.18)) with Trop(¢y,u+) (tropy: (V') C tropy (V).

5.2. Definition. Consider the situation as above. We define the restriction of a

superform a € Al () to a superform on €' := tropy, (V') by

OC‘V/ = Trop(wUl]/) (OS Ag‘gop U’)(Q/)'

5.3. Remark. For tropical subcharts (V, ) € (V' our) C (V,pp) and o €
AR (92), note that

Trop(U)
Trop(¢y, ) = Trop(Yupr) o Trop(Yyy 7),

hence

(elv)ly = aly.

5.4. Definition.

i.) A differential form « of bidegree (p,q) on an open subset V' of X" is given
by a family {(V;, vu,, a;) }ier such that
a.) For all i € I the pair (V, ¢y, ) is a tropical chart of X" and |J
b.) For all i € I we have a; € ARy (Ql) with ; = tropy;, (V;).

c.) All a; agree on intersections, that is for all (i,7) € I* we have

Vi=V.

el

ATrop(U NU; )(trOpUiﬁUj (V; N V}))

i) If o = {(VZ P, )}Ze 1 is another differential form on V', then we consider
a and o as the same differential form if and only if

ailviavy =

for all (7,j) € I x I'.
iii.) We denote the space of (p, q)-differential forms on V' by AP4(V').
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iv.) For (V;, ¢u,, a;) we define the differential operator
d: APY(V) — APTLA(V)
do = (V;? PU; > d,ai)'

Analogously for d”,d and the wedge product A.

5.5. Lemma. Let a € AP?(V') be given by one canonical tropical chart (V, ¢y, o)
and assume there exist tropical subcharts {(V;, ¢u,)} ier of (V,¢u) such that
o'y, =0 for all ¢ € I. Then already o = 0.

Proof. [Jel216, Lemma 3.2.12].

5.6. Corollary. Let V' C X*" be an open subset and let o = (V;, ¢y, ;) and
o = (V}, goU]/,,a;) be two differential forms on V. Suppose there are tropical
subcharts (W;;, gpgm) of (VinVj, goUmU]/,) for all 4, j such that V; NV} = Uijl Wiji

with

(ai’ViﬁVj’) Wit — (Oé;"ViﬂVj/) Wi

for all I. Then a = /.

5.7. Remark.

i.) Let W C V be an inclusion of open subsets in X** and o = {(V;, vu,, ;) }ier €
AP1(V'). By Proposition we can choose tropical charts {(W, 1) }jes
such that (J,c, W; = W and for all j € J there is an i(j) € I with W; C Vj(;
and U} C Uy;). We then have a natural restriction map

alw == (Wj790UJ’.706i(j)|Wj) € APYW),

which is well-defined, as it is independent of the choice of tropical charts
above. B
Indeed, let {(Wk, o, ) frex be another cover of W as above and let 3 :=

{(W. vy, iy lw,)}jes and 7y = {(Wh, @55, @icw liin, ) Yrer. - Then for any
(4,k) € J x K have W; N Wy, C V;;y N Vi) and hence

Bilw,ow, = (i) |lw,) lw, o, = i), = (i) iy nvie ) lw,am

= (i)

Vi Wi lwyome = Qi lw i, = (@) lw, nvis
= ﬁyk‘W]‘ﬂW}c'

ii.) With the restriction map the differential forms define a presheaf A”%(e) on
Xan by
Vi APA(V).
Using i.) and Corollary [5.6] we obtain that AP4(e) is a sheal.
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5.8. Theorem (d’-Poincaré Lemma). Let V' C X" be an open subset. Let
x €V and a € AP9(V) with ¢ > 0 and d”« = 0. Then there exists some open
W C V with € W and some 3 € AP7~ (W) such that d’8 = alw.

Proof. |Jell6, Theorem 4.5].
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