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Introduction

In complex geometry there is a natural decomposition of the complex differential k-forms

A¥ on a complex manifold M into (p, q)-forms, i.e.

A= @ ave

pta=k

These (p, q)-forms yield a finer geometric structure on M than the k-forms and are hence
fundamental objects of study in complex differential geometry. The aim of this thesis is to
introduce and study real-valued (p, ¢)-differential forms on the Berkovich analytification X2
of an n-dimensional algebraic variety X (that is, an integral separated K-scheme of finite
type) over an algebraically closed, nontrivially valued, complete non-Archimedean field K.
Here the analytification X" takes the role of the complex manifold M. This was done first
by Chambert-Loir and Ducros in [CLD12] in the more general setting of a good K-analytic
space Y (analytic in the sense of Berkovich [Ber90]). Their general strategy is to tropicalize
analytic moment maps and then pull back superforms as introduced by Lagerberg [Lagl2].
Here an analytic moment map is an analytic morphism f: Y — 72" where T°" = (G,)*" is
the Berkovich analytification of a (split) multiplicative torus G#, = Spec(K [T, ... T, qﬂ]).
They obtain sheaves A? of differential forms on Y with differential operators d' and d”,
which can be regarded as an analogue to the differential operators d and d on a complex
manifold.

However we will follow the more algebraic strategy by Gubler as in [Gubl16]. His approach
is to cover the algebraic variety X with very affine open subsets, i.e. affine opens that allow
a closed immersion into some (split) muliplicative torus. Broadly speaking, the sheaf of
(p, q)-differential forms AR%, on X" is then obtained by locally pulling back superforms

along the tropicalization of the analytification of such closed immersions.
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Furthermore, in the complex geometric situation, Dolbeault’s theorem states that the com-
plex (AP*(M),d) computes the sheaf cohomology groups of the sheaf of holomorphic dif-

ferential forms, i.e. that
HP(M) = HI(AP* (M) = HY(M, ),

where QP is the sheaf of holomorphic p-forms on the complex manifold M. In our setting,
an analogue of the Poincaré-Lemma proved by Jell in [Jell6al] yields that the Dolbeault

cohomology

_ Ker(d”: ARL, (X™) — ARG (X))

p,q any .
H <X ) T - Ap#lfl an APA an
im(d”: Ayan (X2) = A (X20))

(1.0.1)

on the analytification X®"* computes the sheaf cohomology of ker(d” : A’;ﬁn — Ag&in). One
consequence of this is that H*(X? R) = H%*(X?") for the constant sheaf associated to R.

Liu has used the Dolbeault cohomology groups in his preprint [Liul7| to define a tropical
cycle class map
CHP(X) ®7 Q — HPP(X")

which connects the Chow group CH? (X)) of a smooth variety X with the differential forms
on its analytification. The general aim in this thesis is to develop the necessary tools and
ideas to understand the construction of the tropical cycle class map and finally formulate a
tropical version of the Cauchy formula in multi-variable complex analysis [Liul7, Theorem
3.7].

We now outline the structure of the thesis in detail. We start purely algebro-geometric:
The tropical cycle class map utilizes Bloch’s formula, i.e. the result that on smooth varietes
we have for any p > 0 an isomorphism CHP(X) ®7 Q = HP(X, %), where #{ is the p-th
sheaf of rational Milnor K-Theory of the structure sheaf Ox. Hence the aim in Chapter[2]is
to introduce the tools to formally understand where this isomorphism comes from (however
we do not prove the exactness of the complex which leads to Bloch’s formula). We give a
short recollection of algebraic cycles, rational equivalence and the construction of the Chow
groups for an algebraic variety X in Section [2.1

In Section [2.2| we define the Milnor K-groups KM (R) of a ring R which are defined as the
n-th tensor product (R*)®" on the multiplicative unit group modulo the Steinberg relation.
One object of interest will be the tame symbol, a unique homomorphism

KY(K) — KLy (k)
for a discrete valuation field K with residue field k. With the tame symbol we can define

residue morphisms d and Kato showed that for every p > 0 we obtain a complex of abelian



groups

P KMk@) S P KM k() LD P K (k) — o,

zeX(0) zeXx@) zeX (@)

called the Gersten complex, for a smooth n-dimensional variety X over a field K. We
will see that the p-th Chow group CHP(X) arises naturally as the last cokernel in the
Gersten complex. The presentation of the material in Section [2.2] mainly follows Chapter
7 and 8 of the book [GS17| by Gille and Szamuely. In Section [2.3| we examine for a ringed
space (X, Ox) the g-th sheaf J#{ of rational Milnor K-Theory, which is defined as the
sheafification of the presheaf U — KéM((’)X(U)) ®z Q. In particular we will be able to
formulate Bloch’s formula for a smooth variety X, and furthermore examine how the sheaf
cohomology with support in Z behaves for a closed subvariety Z of X. For understanding
the tropical cycle class map in the final Theorem it is useful to give another description
of the image of the class [Z] € CHP(X) of a smooth closed subvariety Z of X of codimension
p under the isomorphism CHP(X) ®z Q = HP(X, #¥) in terms of regular sequences and
Cech cohomology. The very technical Section is fully dedicated to this description. This
section and Section are detailed accounts of the explanations in Section 2 of [LiulT].

Chapter |3| leaves the Chow groups for a moment and introduces differential forms on the
analytification. This chapter forms the heart of the thesis, and outlines the material in
[Gubl6] in much detail. We start in Section with the construction of superforms on R”
as introduced by Lagerberg in [Lagl2|, which are analogues of real-valued (p, q)-forms on
complex manifolds. The space of superforms of bidegree (p, q) on an open subset U C R" is

formally defined as the tensor product
APAU) 1= AP(U) @ (rr) AU(U),

where AP(U) is the space of smooth real differential forms of degree p. As in differential
geometry, one can define differential operators d’': AP4(U) — APTL4(U) and

d": AP9(U) — AP9TY(U), as well as pullbacks with respect to affine maps. We introduce
the notion of integration of (r,r)-superforms with compact support and get an analogue of
the classical change of variables formula [3.1.10], in particular we see that integration only
depends on the underlying integral R-affine structure of R”, but not on a chosen orientation.
Furthermore we obtain an analogue of Stokes’ theorem on integral R-affine polyhedra. In
Section [3:2] we extend the notion of superforms and integration to weighted polyhedral

complexes.

In Section [3.3] we explain Gubler’s approach of covering X" with tropical charts.
For this let K be an algebraically closed field endowed with a complete nontrivial non-

Archimedean absolute value |-|x (in particular the associated residue field K is algebraically
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closed as well). Furthermore let X be a variety over K with Berkovich analytification X?".
Let v := —log|- |k be the valuation associated to |-|x and I' := v(K*) C R its value group.
In Remark [3.3.T] we briefly recall the basic facts needed in this thesis about the Berkovich
analytification. One thing to note is that if X = Spec(A) is affine, then one can consider
X2 as the set of multiplicative seminorms on A extending |- |x. We can analytify the split

multiplicative torus T = G, = Spec(K [T, ..., T']) and obtain a tropicalization map
trop: T*" = R",  p— (=log|T1(p)], ..., —log|T:(p)])-

Here |T;(p)| = p(T;) for a multiplicative seminorm p € T%". By the Bieri-Groves-Theorem,
for a closed subvariety Y of T', the set Trop(Y') = trop(Y®") is an integral I'-affine polyhedral
complex, which — after appropriate choice of weights — is even balanced, i.e. a tropical cycle.
We will see that the very affine open subsets of X form a basis for the Zariski topology.
An open U C X is very affine if it allows a closed immersion ¢r: U — G, into some
split multiplicative torus. The idea is then to cover X?" with tropical charts (V, ¢y ), where
V' C U is an open subset of some very affine open U, and V arises as a preimage of an
open subset of the support of the polyhedral complex Trop(U) under the tropicalization

map.

In Section [3.4 we define differential forms on the analytification X" in a local way by pulling
back superforms on the polyhedral complexes Trop(U) along tropical charts (V, ¢r), where
the superforms have to agree on intersections in a specific sense. This definition is by
nature local and so for any p,q > 0 we obtain a sheaf of differential forms AR%, on the
paracompact Hausdorff space X", which is a fine sheaf. We often omit the subscript if the
ambient variety X is understood and only write AP, In the rest of the section we study
differential forms in more detail. For example interestingly the support of an o € AP4(X2")
is 'quite small’ and is already contained in the fiber of the generic point of X under the
analytification morphism 7: X?" — X (see Remark . In particular we will see in
Proposition that if o has compact support, it is already defined by a single superform
on Trop(U) for a very affine open U C X, which leads to a well-defined notion of integration

of a.

We conclude the section by looking at the complex of sheaves

d// d//

0 — AP0 L5 g AP 5 0

on X?" By the d’-Poincaré Lemma by Jell in [Jell6al, this complex is exact in positive

degrees, and as the sheaves are fine (hence acyclic) we obtain isomorphisms

H® (X ker(d”: AP0 — AP1)) = gP*(X80),



where the right hand side denotes the Dolbeault cohomology groups as in (1.0.1]) above.

In Chapter [4 we are going to describe the tropical cycle class map as introduced in Section 3
in [Liul7|. For this we first define in Section [4.1] a Q-linear map of sheaves

P . D 1", AP0 p,1
Tyan Ayan — ker(d”’: Ao, — Aan)
which canonically induces a rational subsheaf
P _ ap p
17 an — :%/ an/ ker TXan

of ker(d”: A&gn — Aﬁgin). By one of our main results (see Proposition 4.1.8) in this section

there is an isomorphism .7, )?an ®g R = ker(d": A§£n — Agém) and hence
HI(X, TL,) @ R & HPI(X)

for all p,q > 0, which endows the Dolbeault cohomology groups with a canonical rational
structure.

Finally in Section [4.2] we introduce the tropical cycle class map as the composition
CHP(X)g @ HP(X, #¥) — HP(X™, #Fun) — HP(X, TL.0),

where we regard HP (X", 77F,.) as a rational subspace of HPP(X?").
For a d"-closed differential form w € A" 7P (X?") with compact support and a cohomol-
ogy class [] € HPP(X) given by a representative n € ker(d”: APP(X?") — APPFL(Xan))

there is a well-defined integral
[omne= [ nne

and we obtain the following theorem by Liu.

Theorem (4.2.5)) Let X be a smooth variety over K of dimension n. For every algebraic

cycle Z of X of codimension p, and any d"-closed differential form w € A'¢." P (X*) with

compact support, we have the equality

/ Clirop(Z) Aw :/ w.

Here, if we formally write Z = Ele a;Z; with a; € Z and the Z;’s are closed subvarieties

k
[o=>u] w
o i=1 i

of codimension p, we define
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Although we do not fully prove the theorem, we conclude the thesis by an explanation of
how the special description of Bloch’s formula via Cech cohomology and regular sequences

is used in Liu’s proof.

Appendix [A] contains detailed background for sheaf cohomology with support, by following
Exercise 11.1.20 and Exercise I11.2.3 in [Har77].

Appendix |Bf is a review of Cech cohomology with particular emphasis on an explicit de-
scription of the canonical map from Cech cohomology to sheaf cohomology of a sheaf F,
provided we have a resolution 0 — F — Z* of F where the sheaves 7* are acyclic in both

Cech and sheaf cohomology.

Terminology. All rings are supposed to be commutative and with 1. For a ring R, we
denote its multiplicative group of units by R*. For an element f € R we write R[%] for the
localization away from f. The nonvanishing locus of f is denoted by D(f) C Spec(R), and
the vanishing locus of an ideal a C R by V(a). For a locally ringed space X we usually
denote its structure sheaf by Ox and its stalks at a point z € X by (Ox gz, mx ) with
residue field k(x). For a non-Archimedean field K with absolute value | - |, put

Ko={zeK|lz|<1}, K°={zeK]|lz| <1}

and write K for the residue field K° /K°°. For a topological space X and the global sections
functor I'(X, ) from abelian sheaves on X to abelian groups, we denote the right derived
functors of T'(X,-) by H*(X,-), which assign the i-th sheaf cohomology group H'(X,F) to

a sheaf F. Finally, for a K-vector space V', we write V* for its associated dual space.

Acknowledgements. [ would like to thank my advisor Prof. Dr. Klaus Kiinnemann for
suggesting the topic and especially for taking significant amounts of time to talk about
concepts of (and doubts about) specific proofs. Also I am very grateful to my secondary
advisor Martino Stoffel for his ideas and fruitful discussions when I seemed to be stuck. At
last I would like to thank Dr. Philipp Jell for taking the time to go through some details in
the paper [JSS19].



The Chow Group and Bloch’s

Formula

This chapter develops the necessary language to formulate Bloch’s formula, an isomorphism
which relates the Chow group of a smooth variety X over a field to the cohomology of X
with coefficients in the Milnor K-Theory of the structure sheaf Ox.

2.1 Chow groups

In this section we briefly review the construction of Chow groups of a variety X, and mainly
follow the material in [Ful98, 1.2 and 1.3]. In the following let X be a variety of finite
dimension n, i.e. an integral (hence reduced and irreducible), separated scheme of finite
type over an algebraically closed field K. Denote the generic point of X by n,i.e. X = m,
and the function field of X by K(X) = Ox,. The theory works in more generality, however
we restrict ourselves to X being a variety, in particular X is clearly equidimensional (as it

is irreducible).

Definition 2.1.1.

i.) Denote by X, (resp. X ®)) the set of points of X of dimension (resp. codimension)
p. Recall that the codimension of a point x € X is given by the Krull dimension of its

local ring Ox ;.

ii.) An algebraic cycle of X is a finite formal sum ) n;V;, where the V; are closed subva-

rieties of X, and the n; are integers. The cycles form a group, which we denote by



8 2. THE CHOW GROUP AND BLOCH’S FORMULA

Z(X), or just Z if the ambient variety X is understood. Since we have a bijection
{irreducible reduced closed subschemes V' C X} «— {points of X}

(V maps to its generic point, and in converse a point maps to its closure with its unique

reduced induced subscheme structure), we can also write

Z=Pez

zeX

In general for a point x € X we will always consider the closure {z} with its structure

as a closed subvariety.

iii.) We grade Z by dimension, by letting Z,, denote the algebraic cycles of dimension p,
ie. Z,: =P, X0 Z. Additionally, we may grade Z by codimension as well, writing
ZP := @, c x» Z. In the following we will mostly use ZP, however note that as X is

an n-dimensional variety, we have

Ty = 2P,

iv.) For a closed subvariety V' C X, we call its corresponding cycle V' € Z a prime cycle.

Definition 2.1.2. Let V = {y} be a closed subvariety of X of codimension one. The
local ring (A, m) = Ox, is a local domain of dimension one with Frac(A4) = K(X). Let
f € K(X)*. We will now define the notion of order of vanishing ordy (f) € Z of f along V,
which will be a group homomorphism K(X)* — Z.

As K(X) = Frac(A), we can write f = § for a,b € A, hence it suffices to define ordy (f)
for f € A. First suppose that X is non-singular along V', i.e. A is a discrete valuation ring
(this is for example the case if the variety X is normal). Then f = u - t™, for u € A*, a
generator ¢t of the maximal ideal m, and an integer m. In this case we set ordy (f) := m

and it is clear that this is indeed a group homomorphism.

In the general case, when X is singular along V', we define

ordy (f) = 1a(A/(f)), (2.1.1)

where the right hand side denotes the length of the A-module A/(f).

Remark 2.1.3. Let ¢: X — X be the normalization of X in its function field. Note
that ¢ is a finite morphism, as X is a variety. Hence for a closed subvariety V = @

of codimension one, the fiber o1 ({y}) = {#1,...,%m} is finite with corresponding closed
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subvarieties V; = {;}. Note that ¢(V;) = V as ¢ is finite and hence closed. Furthermore
for each of these V; we have a finite field extension K (V;)/K (V).

Now let f € K(X)* = K(X)*. By [Ful98, A.3.1] we obtain the equality

ordy (f) =Y ordy (fK(V) : K(V)], (2.1.2)

where the sum on the right hand side is taken over all closed subvarieties V = {§} of X
which map onto V' (hence the order ordy (f) can be taken via the discrete valuation ring

Ox ;) and [K (V) : K(V)] < oo is the degree of the field extension. This shows that lb

is truly a generalization of the non-singular case.

Definition 2.1.4. (Chow group)

i.) Let W be (k + 1)-dimensional closed subvariety of X, and f € K(W)*. We define a
k-cycle div(f) on X by setting

div(f) = ordy (f)V,

where the sum is taken over all k-dimensional (i.e. with codimension one in W)
closed subvarieties V' of W. This sum is indeed finite: As known, for a Noetherian
integral scheme W and f € K(W)*, we have f € O;V,y for almost all points y € W of

codimension one.

ii.) As above let Z* be the free abelian group generated by codimension-k subvarieties
of X. Now let B¥(X) C Z*(X) be the subgroup generated by all the div(f) where
f € K(W)* for an arbitrary (k — 1)-codimensional closed subvariety W. We set

CHF(X) := ZF(X)/B*(X)

and call CH*(X) the Chow group of codimension-k cycles on X. An element in B*(X)

is said to be rationally equivalent to zero.
iii.) For a V € Z*(X) we write [V] for its image in CH*(X).
Example 2.1.5. i) We have CHP(X) =0 for p > n = dim(X).

ii.) The only point of codimension 0 is the generic point 1 of X, hence CH’(X) is freely
generated by X € Z°(X).

iii.) CH'(X) is equal to the class group of Weil divisors on X. E.g. if X is smooth, this
can be identified with the Picard group Pic(X).

The examples given above are all too simple: for 2 < p < dim X the Chow groups are in

general very hard to compute.
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2.2 Milnor K-Theory

In this section we define Milnor K-groups and state the two basic constructions in the theory:
the tame symbol and norm maps, where the latter generalize the field norm for finite field
extensions to higher K-groups. These main concepts will later be used to formulate the

ideas for Bloch’s formula. We follow the explanations in Chapter 7 and 8 of [GS17].

Definition 2.2.1. Let R be a ring. For n > 0 we define the n-th Milnor K-group KM (R)
as the quotient of the n-th tensor power (R*)®" of the multiplicative group of units of R
by the subgroup generated by those elements a1 ® - -- ® a,, for which a; +a; = 1 in R for
some 1 < i < j < n. Hence K} (R) = Z and K (R) = R*. The relation a; + a; = 1 is
called the Steinberg relation.

We write {ai,...,a,} for the image a; ® --- ® a, in KM (R), and adopt the convention to
set KM(R) =0 for n < 0.

Some words of caution on the use of notation: We use multiplicative notation for the group
operation on R*, however use additive notation for KM (R). This means for example that
we have {a,b} + {a,c} ={a,b-c} for a,b,c € R*.

Although we will later work over arbitrary rings, we restrict ourselves now to the case R = k,

where k is an arbitrary field.

Remark 2.2.2. There is a natural product structure

KM(k) x KM (k) - KM

n n+m

(k), (a,b) — {a,b} (2.2.1)

coming from the tensor product pairing (k*)®" x (k*)®™ — (k*)®"*t™ which clearly preserves

the Steinberg relation. Furthermore this product operation equips the direct sum

KM (k) = DK, (k)

n>0

with the structure of a graded ring indexed by the nonnegative integers.

Proposition 2.2.3. Let k£ be a field.
i.) The group K (k) satisfies the relations
{z,—z} =0 and {z,z} = {z, -1}.
ii.) The product operation is graded-commutative, i.e. it satisfies

{a7 b} = (_1)mn{b’ a}
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for all a € KM (k) and b € KM (k).

Proof. See |GS17, Proposition 7.1.1, Lemma 7.1.2]. O

Remark 2.2.4. Let K be a field equipped with a discrete valuation v: K — Z U {oco}. Let
A ={z € K | v(z) > 0} be the associated discrete valuation ring with residue field . Fix
a uniformizer m € A (i.e. v(mw) = 1), then each element 2z € K* can be written uniquely
as a product um¥® for some unit v € A*. Hence check easily by bilinearity and graded-
commutativity that the groups KM (K) are generated by symbols of the form {7, uz, ..., u,}

and {u1,...,u,}, where the u; are units in A.

Until further notice, we keep the notation from above, i.e. let K be a field with a discrete
valuation, associated discrete valuation ring A with residue field k, and fix an arbitrary

uniformizer .

Proposition 2.2.5. (Tame Symbol) For each n > 1 there exists a unique homomorphism
oM. KM (K) — KM (k)

satisfying
M ({m, ug, ..., un}) = {To, ..., 0} (2.2.2)

for all uniformizers 7 and all (n — 1)-tuples (ug, ..., uy) of units in A, where @; denotes the

image of u; in k.
The map OM is called the tame symbol or the residue map for Milnor K-theory.
Proof. The uniqueness follows from the above Remark on generators of KM (K), once

we see that a symbol {uy,...,u,} can be written as {muy,ua,...,un} — {m,ug, ..., up}. As
both 7 and 7u; are uniformizers, we have by (2.2.2)

OM({uy, ... ,un}) = {Wa, ..., °Un} — {Ta, ..., Ty} = 0.

Hence the image 0 () for a € KM (K) is uniquely defined by (2.2.2). Proving that 0™
does indeed exist is harder though, hence we refer to [GS17, Proposition 7.1.4] for details. [J

Example 2.2.6.

i.) The tame symbol OM: K;(K) — Ko(k) is obviously none but the valuation map
v: K* = 7.
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ii.) The tame symbol O™ : Ky(K) — K;(k) is given by the formula
M ({a,b}) = (—1)"@v®) g—v(b)po(a),

Indeed, write a = u; %@ and b = upr?®. Then with Proposition obtain

{a,b} = {uy,uz} +v(b) {ur, 7} +v(a){m,uz} + v(a)v(b) {m, 7} .
=—{mu1} ={m,~1}

Identifying K7 (k) with x* and applying M yields with (2.2.2))

0™ ({a,b0}) = —v(b){m} + v(a) {2} + v(a)v(b){-1}
— (fl)v(a)v(b)a;”(b)ﬂ;(a)
)v(a)v(b)a_v(b) pola).

(-1

Before we introduce Gersten sequences, we are going to determine the kernel of the tame

symbol and introduce the norm map.

Proposition 2.2.7. Let U,, be the subgroup of KM (K') generated by those symbols {uy, ..., u,}

where all the u; are units in A. Then we have an exact sequence

M
2, KM (k) — 0.

0— U, — KM(K) A
Proof. The tame symbol is clearly surjective by definition, and clearly the sequence is a
complex. Hence we only need to show that ker(0™) = U,,. For this consider the subgroup
Ul € KM(K) generated by symbols {x1,...,x,} with z1 € A* satisfying T; = 1 € k. One
can show with the Steinberg relation that U} is contained in U, (see [GSI7, Lemma 7.1.8]).

Consider the map

v Kyl (k) — KRN (K)/U,

{ﬂl, .. ,ﬂn_l} — {7r,u1, .. ,un_l} mod U}L,

where the u; € A* are arbitrary lifings of the w;. This map is well-defined, because if u;
and wu, are two liftings of @;, then u, = w; + am = u; (1 + ui_lcm) for some a € A. Hence
—_———
ev}
replacing some lifting by another modifies {7, u1,...,u,_1} by an element in U_}.
Now let B € ker(9™). Without loss of generality we can assume that 3 is of the form
B = {m ua,...,us}. Then we have 0 = (¢ 0 9M)(B) = Bmod U}, i.e. f € U} C U,. This

shows the claim. ]
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We briefly introduce the norm map, which will be necessary later for defining the coboundary

maps in the Gersten complex.

Definition 2.2.8. Given an inclusion of fields ¢: k < K, there is a natural map i : KM (k) —
KM(K) induced by ¢. Given a € KM (k) we often abbreviate irk(a) by ak.

Proposition 2.2.9. Let K/k be a finite field extension. For all n > 0 there is a norm
morphism

Nipe: KY(K) — KM (k)

satisfying the following properties:

(1) The map Ngjy: KM(K) — K} (k) is given by multiplication by the degree [K: k.
(2) The map Ny KM(K) — KM(k) is given by the usual field norm Nk K* — k.

(3) Given o € KM (k) and B € KM(K), one has
Ni({ax, B}) = {a, Ngi(8)}-
(4) Given a tower of field extensions K'/K/k, one has

Ngn i o Niji = Nioj-

Proof. We will not go into the construction of the norm map, but refer to chapter 7.3 of
[GS17]. O

We can now finally describe our main object of study in this chapter, the Gersten complex.

Definition 2.2.10. Let X be a smooth n-dimensional variety over a field K. For every

p > 0 we have a complex of abelian groups

Sp(X): @ EMk() L P KM (k@) L L @ KM (k(x) — 0,
ze X (0) reXx @) zeX ()

called the Gersten complex. Here k(z) denotes the residue field Ox ,/my ;. The coboundary
maps

d: P KM k()= P KM, (k)

reX (@) reX(a+1)

are given as follows:

In the following construction keep in mind that due to the surjectivity of the induced map

on stalks given by a closed immersion, for any closed subvariety V := @ C X of any



14 2. THE CHOW GROUP AND BLOCH’S FORMULA

variety X we have a field isomorphism

K(V) = OV,y = (’)X,y/mX,y = k(y) (223)

Now to construct d, consider a point z € X@ and let Z, = @ be its corresponding closed
subvariety in X. Each point y of codimension 1 in Z, (with V := @ the corresponding
variety) is a point in X(@+1) - Ag in Remark if p: Zy — Zy is the normalization of
Z,, the fiber p~1({y}) is finite consisting of points 71, ..., 7, (with corresponding varieties
Vi := {#:}, hence ¢(V;) = V as @ is finite and thus closed). As Z, is normal, for all i the local
ring (O -.mz o) is a discrete valuation ring [GWI0, Proposition 10.37], hence defines
as usual via the order of vanishing a discrete valuation on the function field Frac(OZhgi) =
K(Z,) = K(Z) = k().

Now if
M M
05+ KLy (k(2)) — KL 1 (k(5:))
\,:/ \\’/

is the tame symbol, we may define a map
ay: K (k(2)) — KL (k(y))

by setting
T
% = 2 Ni@lk(y)
1=
=K(Vy)IK(V)
where Nj(j,)/k(y) is the norm morphism from Proposition m

Since Z, is a Noetherian integral scheme, any f € k(x)* = K(Z,)* satisfies f € O% g for
almost all codimension one points § € Z, (see Definition [2.1.2)), in particular the associated
valuation ordm( f) is trivial for all but finitely many ¢ (note that here § runs over all

codimension 1 points in ZI)

Hence by Remark for a fixed v € K} (k(x)), the image 92 () under the tame symbol

is trivial for all but finitely many y, and we can consider the sum

Oy = Z 85 KM @ q 1 ))7

yEZ;U xeX((I‘Fl)

and finally obtain d as the direct sum of the maps 9, for all z € X (@,
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Remark 2.2.11. We succinctly mentioned that the sequence S,(X) is a complex. This
result is due to Kato, and is far from trivial. For details of the proof see e.g. [GS17,
Theorem 8.1.2].

Remark 2.2.12. (Connection to Chow groups) The Chow group CHP(X) arises naturally

in the complex S,(X). To see this, we look at the last map
d
@ K (k(x)) == €D K¢ (k(x))
(p—1) X ()
which by Definition is nothing but

D k)L Pz

X (p—1) X (p)

Keeping the notation from the construction of d above, for an z € X1 the tame symbol
8791_4 : k(x)* — Z is exactly the induced discrete valuation (see Example . Furthermore
the norm map Ny ,)k(y) 15 given by multiplication with the degree [k(7;) : k(y)] by Propo-
sition m (1). Hence this yields for y € X® of codimension 1 in Z, with V = {y} as
above, that

Zordvl i) : K(V)] B2 ordy ()

for f € k(z)* and thus
9z (f) = div(f)

for f € k(x)*.
Hence

CHP(X) = coker @ KM( @ KM

zeX(P—1) zeX(®

This isomorphism is the starting point for Bloch’s formula.

2.3 Bloch’s formula

Remark 2.3.1. In the following we write codimy X for the codimension of an arbitrary

subset Y of a scheme X, i.e.

codimy X = inf dim Ox ,.
yey
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Definition 2.3.2. Let (X, Ox) be a ringed space. The assignment

U~ K} (Ox(U)) ®20Q (2.3.1)

for an open subset U C X defines a presheaf (the restriction maps of Ox clearly preserve

the Steinberg relation).

Define the g-th sheaf of rational Milnor K-Theory Jy for (X, Ox) as the sheafification of
@.31).

In the following let X always be a smooth variety over an algebraically closed field K with
generic point 1. For z € X, denote by

iz: Spec(k(z)) - X

its induced morphism of K-schemes. Note that the presheaf (2.3.1)) is clearly a sheaf on the
one-point set Spec(k(x)) for every integer ¢ > 0. In particular we can consider the sheaf

zx*Ké\/[(k:(a;)) ®z Q on X where an open U C X is mapped to

, M 0 ifx¢U
(12 K" (k(2)) ®2 Q)(U) = . (2.3.2)
KM(k(z)) ©zQ ifzeU.

Passing to the direct sum sheaf we further consider for every p,q > 0 the sheaf
L= P ik (k(x)) @7 Q.
zeX (@)

One important thing to note is that as X has — as a variety — an underlying Noetherian
topological space, every open subset is quasi-compact. In particular we see that the direct

sum sheaf does not require sheafification and for an open U C X we obtain the sections

HPIU) = P (ianKM,(k(2) 22 QU) = P KN, (k(z) 2z Q.

zeX (@) zexX(@nU

Remark 2.3.3.

i.) The description of sections (2.3.2) shows immediately that the restriction maps of £}

are surjective, hence the sheaves # ¥ are flasque.

ii.) Let U € X be open and = € U. As

codimy ({z}) = dim Ox, = dim Oy, = codimy ({z})
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we have for any ¢ > 0 that X(@ NU = U@, Hence for an open V C U obtain

v(V)=x3Unv)= P KL (k)eQ
xeX<q)mUmV

P kK ) @ Q= PV,

zeU@dnv

I

and thus a sheaf isomorphism £y = 7.
Lemma 2.3.4. Let Z C X be a closed subvariety of X of codimension p and U := X \ Z
its open complement. Then for all ¢ < p — 1 we have isomorphisms

HPUX) = o).

Proof. Let ¢ < p— 1. As seen above, we have J}?(U) = {9 (U) and it suffices to show
that X(@ = X(@ 0 . Initially note that for any variety X and closed subset Y we have
(see e.g. [GW10, Proposition 5.30])

dimY + codimyxY = dim X.

Now suppose there is © € X9 with V := {z} such that 2 ¢ U. Then z € Z, ie. V C Z.

As Z is also a variety, obtain
dim Z + codimx Z = dim X = dim V 4+ codimxV,
=dim V+codimz V'

thus
codimzV + p = codimzV + codimx Z = codimxV = gq, (2.3.3)

in particular p < ¢q. For ¢ < p — 1 this yields a contradiction. O

Remark 2.3.5. Note that the coboundary maps d in the Gersten complex [2.2.10] commute

with restriction, i.e. for open subsets V C U of X the following diagram commutes

P KLk@) 1 P KX (k@)

zeX(@OnU zeX (@)U

| |

P kLK) — P KL k@).

zeX(@nVv zeX(a+)ny

Indeed any point y € X@t) NV that is of codimension 1 for some z € X N U implies
already that = € V (otherwise y € {z} C X \ V).



18 2. THE CHOW GROUP AND BLOCH’S FORMULA

In particular we get a sheaf homomorphism

. D, p,q+1
d: A" — 0.

Furthermore there is a morphism of sheaves e: £y — %)?’0 induced by the presheaf mor-

phism which is given for an open U C X on the groups of Milnor K-Theory by

EMOx(U) —» @@ KM(k(x)) = KM (k(n)),
2eX(0)

{fl?"'afp} — {fl,na"'vfp,n}'

Here f; € Ox(U)* and n denotes as usual the generic point of X. We have the relation
doe=0. Indeed, as X is smooth, for any open U C X the map

d: AP 2K (k) Q@ — P K ) @ Q= PN U)

zeXMNU

is given exactly by the tame symbol for any summand 2 € X() N U. By description of the

kernel in Proposition we obtain do e =0 as any {f1,..., f} € K}(Ox(U)) satisfies
fim € Ok, for all i and any 2 € X N U,

As a consequence, we obtain a complex of flasque sheaves

0 — AP 5 20 Ly gt Ly 2?2 Ly P,
Theorem 2.3.6. The complex of sheaves
N N S RN Vs S ) (2.3.4)
is exact.
Proof. See e.g. [Sou85, Théoréme 5]. O

Remark 2.3.7. The complex J; )?" is a flasque resolution of J; )1? . Hence it can be used to

compute the sheaf cohomology groups of #{ and we obtain

He(x, ) = K ARIX) LX)
U im(ds AT (X) - ARUX))

Lemma 2.3.8. Let X be a smooth variety over a field K, and Z = {z} € X a closed
subvariety of codimension p. Let U = X \ Z be the open complement of Z. Then the
following holds:
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i.) (Bloch’s formula) For every p > 0, there is a canonical isomorphism

HP (X, #F) = CHP(X)g := CHP(X) @z Q.

ii.) For ¢ > p > 0, we have HI(X, #¥) = 0.

iii.) For g # p we have
HqZ(X, %)}g) =0,

and
HY (X, #%) = Q.

Here H% (X, %) denotes the cohomology group with support in Z (see Appendix.

Proof. Both i.) and ii.) follow from the flasque resolution (2.3.4)) of J#¥ and its connection
to Chow groups as explained in Remark [2.2.12] We show iii.). Note that as the J£? are
flasque sheaves, we have by iii.) a short exact sequence

0— Tz(X, 89 = HLUX) — F(U) — 0.
Here the map 2% (X) — #*(U) is an isomorphism by Lemma for ¢ < p—1, hence
I_‘Z(‘Xv7 ’%/)Z(MI) =0

and in particular H% (X, #¥) = 0 for ¢ <p — 1.

To show the last part, we first want to see how generally the global sections with support
Lz (X, %) look like. For this let o = () e x(0) € Bpexia Kol (k(x)) ® Q. Then with
the restriction maps see easily that supp(«) C Z if and only if o, = 0 for all x € U. Hence

FZ(Xa ‘/ai/)?q) = @ Kpj\{q(k(x)) ® Q.
zeX(@nz

Any closed subset of Z of codimension 0 must already be equal to the irreducible Z, hence
X®PNZ={z} by (2.3.3). As Tz(X, HPT) =0 for ¢ > p and ¢ < p, we have

HY(X, A8) =Tz(X,. 22" = P ZeQ=Q. (2.3.5)
xeX®nz

In the following we will denote by

CluniV: CHp(X)Q - HP(X’ L%/)i?)
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the map obtained in Bloch’s formula in Lemma i).

Remark 2.3.9. In the long exact sequence of cohomology with supports (see Corollary

A5), the map
H%(Xa 1%/)}(7) — Hp(X7 %)?) = CHp(X)Q

comes from the canonical morphism

HY (X, %) = Z®Q
I 1%
Tz(X,2%7) = @ ZeQ
l zeX®PNZ
rx,.x%h) = P zeaq
zeX(®)

In particular the image of 1 under the map HY (X, #¥) — HP(X, . #¥) = CHP(X)q is
exactly the class [Z] of the closed subvariety Z.

2.4 A special description of clyy;y

In this section we want to give a description by regular sequences of the image clyniv([Z])
for a smooth closed subvariety Z of codimension p in our smooth variety X. Note that
as we are working over an algebraically closed field K, the term ’smooth’ is equivalent to
'regular’. This special description plays a crucial role in Liu’s proof of Theorem A
main part of this section explicitly follows the canonical morphism from Cech cohomology
to sheaf cohomology (see Remark ; we refer to Appendix [B| for a detailed discussion.

Construction 2.4.1. Let Z be a smooth closed subvariety of X of codimension p. Choose
a finite affine open covering U, of X and a regular sequence fo1,..., fap € Ox(Uy) such
that Z N U, is defined by the ideal (fa1, ..., fap). This choice is possible by [Ful98, B.7.2],
as both Z and X are smooth. Write U,; for the nonvanishing locus D(fa;) C U, of fai.
Then {Uy,; | 1 < i < p} forms an open covering of Uy, \ Z, which we will denote by .

As 8l consists of only p sets, the element {fa1,..., fap} € K} (Ox (-1 Uas)) forms a

Cech cocycle i € C’p_l(ila,%/[fa\z). We obtain an element ¢(Z%), € HP (U, \ Z, ‘%/UI';\Z) as
the image of p under the composition
HP7H (o, S ) = BN (Ua\ 2,53 ) = B, (Ua, ). (2.4.1)
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Here the first map is the canonical morphism from Cech cohomology to sheaf cohomology in
Remark [B.7] and the second map is the connecting morphism in the long exact cohomology
sequence with supports (see Corollary [A.6]).

Our main goal in this section is to prove the following proposition.

Proposition 2.4.2. Assume that Z N U, is nonempty. Then the image of ¢(Z), €
HY . (Ua, 7)) under the isomorphism HY; (U, %7 ) = Q in Lemma iii.) equals
1. In particular, the above construction does not depend on the choice of the regular se-

quence fal,- .-, fap-

Before we prove the proposition, we make the following observations which are crucial

ingredients for the proof.

Lemma 2.4.3. Let X = Spec(A) be a smooth affine variety, and fi,...,f, € A\ {0}.
Set U := (_, D(f;). We consider a point x € U with closed subvarieties Z = {z} and
V := {y} for a point y € Z N U with codimzV = 1. Furthermore let

dy Ky (k(2)) = KT (k(y))
be the morphism as in Definition Note that we have
Frac(Ozy) = K(Z) = Oz, = Ox/mx , = k(z).
Then the following holds:
i.) The germ f;, € k(z) lies in Oy for 2 <4 < p.

ii.) We have 92 ({fiz:- -, fpu}) = ordv(fiz) - {Foms---» foa}-

iii.) If y € D(f1), then 05 ({f1.zs- - fpz}) = 0.
Here }”—Z\; denotes the residue class of f;, € Oy taken in k(y) = Oz, /mz,.

Proof. Statement i.) is clear, as y lies in the non-vanishing locus of fa,..., fp. Also iii.)

follows directly from ii.), because if y € D(f1), then ordy (f1,) = 0.

To show ii.), we denote by Z the normalization of Z, which is given by the affine scheme

corresponding to the integral closure of Oz(Z), and denote by yi,...,y, € Z the points

lying above y. As f;, € 07, we also have f;, € O*Zy forall j =1,...,7 and i > 2, via
B Ui

the inclusion Oz, — O Yi
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Using the notation as in Definition by the property of the tame symbol, we have

BZ({fl,acu v 7fp,£}) = ZNk(yj)Uc(y) o 8111\;[({f1,x7 <o fp,x}) =
j=1
Zord (fr.0) Neypen) ({2 Joa 1),

where ord (f1 z) denotes the valuation of f1, € K(Z) = K(Z) = Frac((DZ’yj) with

rebpect to y;, and f“c is the residue class of fi, € Oy, — OF taken in k(y;) =

7 Yj

,yj / Zvyj :

Note that by property (1) and (3) of the norm map [2.2.9, and as already ﬁ;] € k(y) =

Oz,/mz,, the above equation simplifies to

O ({frar s fpa) = Y ordyy(fra) - k(@) - kW) - { o+ Fp)
Jj=1

= ordy (fiz) - {}2\,;7 e 7};,;}7

where the second equation comes from the characterization of the order of vanishing as in
Remark 2.1.3 O

Lemma 2.4.4. Let X = Spec(A) be a smooth affine variety, and fi,..., f, € A a regular
sequence, such that Z :=V(fi,..., fp) = @ is a smooth closed subvariety of codimension

p. Let 1 < n < p be arbitrary.

i.) The closed subscheme V(fi,..., f,) is of pure codimension n in X, i.e. every irreducible
component of V(fi,..., fn) is of codimension n in X. Let Y7,...,Y, be the finitely
many irreducible components of Y := V(f1,..., fn—1). Then any nonempty W; :=

V(fn) NY; is of pure codimension 1 over Y.

ii.) The closed subscheme V(fi,..., f,) is smooth along Z, and Z is contained in exactly

one irreducible component of V(fi,..., fn).

Proof. Statement i.) follows from an inductive application of a geometric version of Krull’s
Hauptidealsatz: As fi is neither 0 nor a unit, by [GW10, Theorem 5.32] the closed subscheme
0 C V(f1) € X is of pure codimension 1 in X. For the inductive step, let the claim be true
for Y :=V(fi1,..., fn—1) with irreducible components Y7,...,Y, CY of codimension n — 1
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in X. We regard the Y;’s with their unique integral subscheme structure and obtain

r
V(f1, 0 fa) = V() NY = [ J(V(fa) N YY)
i=1
Let W; := V(f,)NY; and suppose W; # (. Write B := A/(f1,..., fn—1) and let p € Spec(B)
be the minimal prime ideal corresponding to Y;, in particular, as Y; is integral, we can
assume Y; = Spec(B/p). As W; # (), we have that f,, is not a unit in B/p, and also f,, is not
zero in B/p, because otherwise f,, would be a zero divisor on B = A/(f1,..., fn—1) (recall
that in Noetherian rings, minimal prime ideals consist of zero divisors), in contradiction
to fi,..., fn regular. Hence we can apply [GW10, Theorem 5.32] again and obtain that
W; is of pure codimension 1 in Y;. Together with the induction hypothesis this yields that

V(f1,--., fn) is of pure codimension n in X. This shows i.).

For ii.) we consider ideals a := (f1,...,fn), 9 := (f1,...,fp) CAand p e Z = V(q) C
Spec(A). In particular we have a chain of inclusion a C q C p. We need to show that
the Noetherian local ring B := (A/a), = Ap/aA, is regular. As localization and taking

quotients commute, see easily that (by some abuse of notation):

e We have By = Ay/aA,, which is regular of dimension p —n and q € Spec(B) is
generated by p—n elements. For this see Lemma[2.4.6] below and observe that regular

sequences stay regular in localizations.

e Also B/q = (A/q)p is regular, as Z = Spec(A/q) is smooth at p.

Hence B is regular by [Liu06, Lemma 4.2.22].

It remains to show that Z = {z} is contained in exactly one irreducible component of Y. As
Y is smooth along Z, the local ring Oy, is regular, hence a domain. The minimal primes
of Oy, are in canonical bijection with the irreducible components of Y containing z. As

Oy, is a domain though, there is exactly one. O

Definition 2.4.5. Let (A, m) be a Noetherian regular local ring of dimension d. Recall
that any system of generators of m with d elements is called a coordinate system or system

of parameters for A.

Lemma 2.4.6. Let (A,m) be a Noetherian regular local ring of dimension p, and let
fi,..., fp be a coordinate system for A. Then the ideal q := (f1,...,f;) forany 1 <i <p

is prime, and the local domain A/q is regular with coordinate system fi;1,..., fp.

Proof. The statement is a direct consequence of [Liu06l Corollary 4.2.15]: The local ring

A/q is regular of dimension p — i, hence a domain and thus q is prime. The maximal ideal
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m/q is generated by fiy1 +4,..., fp + ¢, so these elements form a coordinate system for
Ala. O

Remark 2.4.7. We consider again the situation where X = Spec(A) is a smooth affine
variety with generic point 7, and fi,...,f, € A is a regular sequence, such that Y, :=
V(fi,.-., fp) = {yp} is a nonempty smooth closed subvariety of codimension p. By Lemma

[2.4.4] we get a unique chain of inclusion
X=Y2N2 212, =V(fi,.... /p)

where Y; = {y;} is an irreducible component of V(f1,..., f;) for 1 < i < p, and Yj41 is
of codimension 1 in Y;. Note that as always we consider Y; with its integral subscheme

structure.

Hence if we consider any f;11 as an element in the function field K(Y;) = Oy; y,, then fiy1 €
K(Y;)*, as f1,..., fp form a regular sequence. Note again that also K (Y;) = Frac(Oy; ,.,).

Then we obtain
Ol“d}/i+1(fi+1) =1.

To see this equality, consider the stalk Ox, = A,, where p = (f1,...,fp) € Spec(A)
(recall that Y), is integral). As Y}, is smooth of codimension p and X is smooth, the local
domain A, is regular of dimension p. Then fi,..., f, form a coordinate system for Ay, in
particular the sequence stays regular (see [Liu06, Example 6.3.2]). By Lemma the
ideal g = (f1,..., fi) € Ap is prime and the local domain A, /q is regular of dimension p —i.
We note that the prime ideal q’ in A corresponding to q = g’ A, is clearly the unique minimal
prime over (fi,..., f;) C Asatisfying (f1,..., f;) € q' C p. In particular we can assume that
Y; = Spec(A/q’). We now consider the minimal prime a over f;11 +¢q € A/q determining
Yi+1 with corresponding prime ideal a’ € Spec(A). This satisfies (fi+1,q9") C o’ C p. Hence
there is a prime ideal in A, /q corresponding to a’. By usual commutative algebra (and some

abuse of notation) we have the canonical isomorphisms

Oviyirs = (A/q')q = (Ap)a’/q,(Ap)a’ = (Ap/q)w,

which is a regular local domain as a localization of a regular local domain (recall that A, /q
is regular by Lemma [2.4.6)), and thus a discrete valuation ring. Again by Lemma [2.4.6] the
maximal ideal a'(A,/q)s is generated by fi1 + q, so we get

OI‘dy%.Jrl (fi+1) =1

as intended.
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Proof of Proposition [2.4.2 To ease notation, we suppress the subscript a and write
il for the ordered covering {Uj,...,U,} of U\ Z. For an ordered set I C {1,...,p}, put
Ur := N;erU;. To even further ease and abuse notation, we often simply write Ji/[f 4 for the

sheaf 7%\ 7 = %giqz.

We summarize our current data as follows:

e U = Spec(A) is a smooth, affine variety with generic point 7.

e ZNU is a smooth, affine, closed subvariety of U, which is of finite type and of
codimension p with generic point z. We have Z N U = Spec(A/(f1,..., fp)), where
fi,..., fp € Ais a regular sequence. In particular, as Z N U is integral, we can say

that (fi,..., fp) € A is a prime ideal.

e The non-vanishing loci U; := D(f;) form an open covering il of U \ Z, which again is

an open subset of U.

Recall from the description in Construction that the element { f1,..., fp} € K%(OX(U{17...7P}))
induces a Cech cocycle p € CP~1(4, Jiff ) and we need to follow p through the composition

0P, 8) — B YU\ Z, 67) — HY, (U, 2).

So first follow the morphism HP~1 (8L, #%) — HP~Y(U \ Z, #) from Cech cohomology to
sheaf cohomology as described via the naive double complex (B.2), where we use the flasque

resolution ,%/Up — %U’? **. As the notation is pretty heavy, we visualize the first steps:

L P8, ) L P (Y, ) — P, ) s

d d w001 |d

v

C L o3 P S O, PO s o (U, P s
0o—01 -7
d d -7 d

v v 3 v

LD o Pt 2 O, ) s ol ) s

010 -7
st d d

B
LD o P S O (U, PP s o, PRy s

0205 -~ d d d

- ~ ~ ~
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Here we inductively construct cocycles in the naive double complex C* (4, ji/Up *)
6::= {01 € AP (UD) | 1] = p—i} € CP7 N (80, A7),

fori=0,...,p— 1.

The element for ¢ = 0 is induced by {fi,..., fp} € KIJ,\/I(OX(U{LM’Z,})) and is clearly given
by

00 = {00.11,.py = {Frms s Somt € ZE° U, py) = KM (k(n)) @ Q) € CP7H (4, 42°),

where 7 is the generic point of X (and hence of U).

We now choose a lift 1 € CP~2(4l, %If’o) under 0 by setting

{Fras s fomt € A2 (U5) = KM (k(n)) ©Q, for J ={2,...,p}
0, for J #42,...,p}.

V1,7 =

We clearly have (1) = 6y, and we need to compute ¢; = d(91), i.e. it suffices to look at
d(¥ 42,..py) under the map

d: AP Up,..py) = K (k)2 Q= @ K)Yi(k(2) @ Q= A2 (Up,. )

(1)
ZGU{Z ,,,,, P}

Let = € Uf;?,‘,7p}' By Lemma [2.4.3] we have d({fi,,...,fpn}) = 0if z € Ui = D(fr).
On the other hand if z € V/(f1), then x is already a generic point of V(f1) N Usa, . ), as
V(f1) is of pure codimension 1 by Lemma Denote by I'! the set of generic points of

V(f1) NUg,...py- Then by Lemma we obtain

, pU (D DY e PNy, for T=1{2,...p)
1,1 = ,
0, for I #{2,...,p}

where ! - {f2(1), ey fzﬁl)} € @Ké\fl(k(zx)) ® Q at a summand x is given by

(1)
‘TEU{2 ,,,,, p}

orde+(f1n) - S RN AOL S WS TS o

0, else.

(lul : {fél)v’fél)})x = {

Here fi(l)’x denotes the residue of f;, in k(x).
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We continue in this fashion inductively. For clarification we want to do another step explic-

itly. We now need to lift 6; to

dpe 3wy = [ P KlLkE)2Q
1< <ip—3 LoD )
T yeees ip—3

Again we do this by defining

192,{3,...,10}7 for J ={3,...,p}
07 forj?é{?),...,p},

Vo g =

where (V3 43, p})e = (ut - {f2(1), . .,fél)})x for any = € Uy . ), and 0 else. We obtain
By € CP3(4, Jiflfz) with 0o =0 for I # {3,...,p} and Oy (3,1 =

Lemma and we have that 65 3 1 € %g’Q(U{g,m,p}) is zero at any point outside
of T'?, where I'? is the set of generic points of V(f1, fo) N Uys,...py- For any point y € I'?, we

d(¥a(3,...p}). Again by

obtain by applying Lemma [2.4.3| again, that

(Oog5.pp)y = »_  ordgy(fi) -ordgy(fs ) - {f75, L £,

z€ell,
s.t. ye{z}

where fi(Q)’x’y denotes the residue class of fz-(l)’g6 taken in k(y) = Omy/mmy.

We proceed like this inductively to finally obtain an element
gp_l = {017717{1}’ ceey ep—l,{p}} S Co(u, (%/UZ?JJ_]-)

with 6,_; ;3 = 0 for i < p —1. By Remark i.) this can be glued to give an element
RS :%/[}j’pfl(U \ Z), which induces our wanted [§] € HP~Y(U \ Z, %f\z).

To finally obtain ¢(Z) € HY, (U, ), we need to understand the connecting morphism
04U\ z, ,%/f\ 5) — HY (U, #7) in the long exact sequence of cohomology with supports

as in Corollary [A.6] For this consider the commutative diagram with exact rows

0 —— Lzau(U, A7) —— DU AFP) —— DU\ Z, A0 ) —— 0

| l |

0 —— Dzru (U, HEP) —— DU, AEP) ——— DU\ Z,850) — 0,
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which resolves explicitly to

0— P k)eQ— P k@)eQQ— P ka2 eQ—0

zeUP-Dnz zeU®-1) ze(U\Z)(P=1)
I Jo |

0—— P zoo—2— Pzee—— P zoQ—0
zeUPnz zeU®) ze(U\Z)®)

The upper right horizontal morphism is an isomorphism by Lemma (in particular

P k(x)* ® Q = 0 in the upper left corner). Then a representative of ¢(Z), in
$EU(P71)ﬂZ
PBocvmnz Z®@Q=Z®Q (see Lemma [2.3.8)) is given by taking a preimage of di7(€) under

the map 8. Hence the Proposition follows if we can show that

(du(0))e = O fore s (2.4.2)

1, forx=z,

where z is the generic point of Z N U. By codimension reasons for z € U®) \ {2z}, we must
have x ¢ Z =V (f1,..., fp), hence it is clear that (dy(6)), = 0. Now let # = z. By Lemma
2.4.4) the generic point z lies in exactly one irreducible component Y; = {y;} of V(f1, ..., fi)
for 1 <i<p-—1, with y; € Ug41,.. p)- Thus by construction of 8, we have
—2), Y1 e Yp —1), Y15
(A (6) = ordy, (fuy) - ordyy (f37")) -+ ordy,  (£757%77) oxd (f7 00,

where the f;’s successively pass through the residue fields. Hence by Remark each of
the factors in the product equals 1. O

Remark 2.4.8. By ([2.3.5) for any open U C X we have
HYu (U, 2R |v) = Lzew (U, AL [v) = Hy (AZ7)(U),

where the right hand side is the subsheaf with supports in Z as in Lemma i.). Hence
as the restriction maps of the presheaf U — HY, (U, #{|y) behave equivalently as in
HY(#PP), this presheaf is already a sheaf on X. Thus by the local description
in the above Proposition we can glue the family {¢(Z)s € HY ; (Ua, £ )}a to
an element ¢(Z) € HY(X, #7¥). Together with Remark and Proposition we

immediately obtain the following important result.
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Corollary 2.4.9. Let the notation be as above. The image of the class ¢(Z) under the
morphism

HY (X, %) — HP (X, #7)

coincides with clypiv([Z]).






Differential Forms on the Berkovich

Analytification

In this chapter we develop the notion of differential forms on the Berkovich analytification
Xa of an algebraic variety X over an algebraically closed field K which is complete with re-
spect to a nontrivial, non-Archimedean absolute value. We begin by introducing superforms
in the sense of Lagerberg [Lagl2] on R”, and obtain differential forms on X?" by locally
pulling them back along tropical charts. We follow the approach of Gubler via algebraic

moment maps as in [Gubl6].

3.1 Superforms on R" and on polyhedra

Remark 3.1.1. Let N be a free abelian group of rank r with dual abelian group M :=
Hom(N,Z) and associated real vector spaces Ng := N ®yz R respectively Mg of dimension
r. The choice of a Z-basis of N induces an isomorphism N & Z", Ng = R", Mr = R™ :=
Hompg (R",R). For our following constructions we will focus on the case N = Z" with
standard basis eq,...,e,. For a coordinate-free approach, the algebraic torus Spec(K[N])
with character group N takes the role of the torus Spec(K[Tf—Ll, ..., TF1) of rank 7, as it
is done in [GubI6].

Definition 3.1.2.

i.) For an open subset U C R" we denote by AP(U) the space of smooth real differential
forms of degree p. We define the space of superforms of bidegree (p,q) on U as

APA(U) 1= AP(U) @ceo () AUU) = AP(U) @ ATR™ = C®(U) @p APR™ @ ATR™,

31
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ii.)

iii.)

iv.)

With choice of a basis x1, ..., z, of R" we can formally write a superform o € AP4(U)

as

a = E aud'a?]/\d”xj,
[I|=p,|J|=¢

where I = {iy,...,ip} respectively J = {ji,...,J,} are ordered subsets of {1,...,r},

ary € C*(U) are smooth functions and

dll'[ A d”xJ = (dxil VANCIEVAN d.TUZp) Xr (dl‘jl VANCEIVAN dl‘jq).

We define the wedge product

APA(U) x AP (U) — APTP ()

(o, B) = aNp
in coordinates as
alp:= Z qud/x[/\d”xJ A Z BKLd/aZK/\dH:L‘L
[1|=p,|J|=q |K|=p',|L|=¢'
= (_1)p’q Z Oé[J,BKL(d/:U]/\dIZL‘K)/\(d//xj/\d/,xL),

|I|=p,|J|=q,| K|=p',|L|=q

where d'z; Ad'zg € APTP'R™ respectively d’xy Ad"zy, € A9TYR™ is the usual wedge

product.

There is a differential operator
d: AP9(U) = AP(U) @r AIR™ — Ap+1(U) ®Rr AIR™ = Ap+1’q(U)

given by D ®p id where D is the usual exterior derivative on AP(U). Also note that
APY(U) = APR™ @g A1(U), and we define a second operator d” := (—1)Pid ®g D. In

coordinates this gives

d Z Oqu/$] A d”l‘J = Z Z aao;lJ dlfL‘i VAN d/:L'[ A d”:L‘J

[I|=p,|J|=q [I|=p,|J|=¢ i=1

and

d// Z Oqu,;f[ /\d”ﬂjj _ (_1)p Z Z 880;[‘.](111:[ /\d”ﬂ;’i /\d”:EJ.

[I|=p,|J|=q |I|=p,|J|=¢q i=1

Finally we define d := d' + d".
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Remark 3.1.3. As in differential geometry, we may view a superform

a=> 0a;®w @ € API(U) =C®(U) ® A’R™ @ ATR™
=1

at a point x € U as a multilinear map

n
(RMPTT S R, (n1,...,Nptq) Z ai(@)wi(n, .. ) i (Mpt1s - -+, Nptq)
i=1
which is alternating in (n1,...,np) and (np41,...,Npyqe). We write (a(z);n1,...,npqq) for
a superform a and such an evaluation at x € U and ny,...,np4q € R".

Remark 3.1.4.

i.) For superforms « of degree (p,q) and S of degree (p/,q’) one computes easily the
relations

d(anB)=daAB+ (-1 landp

and similarly
d'(anNB)=d"anB+ (-1)PTland'B.

Hence the choice of sign in d”.

ii.) Note that we have as usual d'(d’a) = 0 and d”(d”a) = 0, however in general not
d'(d"a) = 0. Indeed, for R? with coordinates x,y consider the superform zy €
A%O(R?) = C®(R?). Then d'(d"(zy)) = d'(yd"x + zd"y) = dy ANd"z + d'x AN d"y # 0.

Remark 3.1.5.

i.) Let F: R” — R” with F(z) = f(z) + a be an affine map. Here f is the corresponding
linear map and a € R". Furthermore let U’ C R” and U C R” with F{U)CU.
Note that f induces a linear map f*: R™ — R"”* which again induces a linear map

f*: AFR™ — AFR™*. In particular we obtain a well-defined pullback morphism

F*: APA(U) = C*(U) @r APR™ ®@p ATR™ — API(U')
gRwRpu— (go F)® ffwa fu.
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ii.)

iii. )

iv.)

Note that with the representation AP9(U) = AP(U)®@r AYR"™ the pullback for an affine

map F as above can be written as

F*: AP(U) @ ATR™ — AP(U') @ ATR™"*
weR p— F*w g f*u,

where F*w is the usual pullback of smooth p-forms with respect to the smooth function

F. In particular we obtain the corresponding result that F* commutes with d’, d” and

d.

For nf,...,n,,, € R and 2/ € U’ the evaluation as in Remark of the pullback

for a € AP2(U) can be written as
(Fra(z')inh, .. npyg) = (a(F (@) f(n1), - f(ng44)-

Let F: U' — U be a smooth map where U C R" and U’ C R" are open subsets. We

can define a 'naive’ pullback
F*: APUU) = AP(U) ®coe () ANU) = AP(U) ®coo ) AN(U') = APUUT),

which is just given by the tensor product of the usual pullbacks of differential p-
respectively g-forms. This construction and the definition in i.) match for affine maps,
however in general for smooth maps it does not commute with d’,d”,d. Indeed, let
U' =R?and U = R and F(z,y) = 2y and t the coordinate of R, then d'F*(d"t) =
d(yd'z + zd"y) = dyANd'x+dxNd"y # 0, but d'(d"t) = 0 and hence d' F*(d"t) #
F*(d'(d"t)).

The reason is that d = D®id, but the pullback on the second factor uses the differential
of F at the point z € R™, which might depend on x. In the affine case however, the

differential has no such dependence.

Remark 3.1.6. Note that for all p,q the functor U — AP4(U) is a sheaf on R" with
AP = ( for max(p,q) > r. Furthermore we have A*%(U) = C>=(U).

Definition 3.1.7. Let U be an open subset of R” and o € AP4(U). The support of « is

defined in the sheaf-theoretic sense, i.e.

supp(a) = U \ {z € U | 3 open U, around z with a|y, = 0}.

A superform has compact support if its support is a compact set. Denote by A2?(U) the

space of (p, g)-superforms with compact support.
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Definition 3.1.8. Let U be an open subset of R” and a € A¢” (U). Choose a basis x1, . .., T,

of the Z-module Z". Then « can be written in the form
a=fudzei N ANdz.ANd"21i N ANd

with fo, € C2°(U). We then define

/Ua:= (—1)“5”/Ufa,

where the right hand side is the integral with respect to the volume of the lattice Z" C R".

Remark 3.1.9. In Definition the function f, does not rely on the choice of the integral
basis x1, ..., z,. Indeed, keeping the above notation, let « € A" (U) and yy, . .., y, another
Z-basis of Z". Furthermore let g, € C°(U) with

a:gad/yl/\--J\d’yr/\d”yl/\--~/\d"yr

The change of basis matrix B € M, (Z) satisfies det(B) € {£1} and by standard differential

geometry we obtain

gadyi A~ Ndy.- Nd"yy N ANdy, =
ga(det(B)d'z1 A - Nd'x.) A (det(B)d" vy A~ ANd"x,) =
det(B)and'xl A ANdrp Nd"zey N ANz, =

gadzi A ANdxp Nd"zy N Nd .

In particular we get g, = fa.

Proposition 3.1.10. (Change of Variables Formula) Let F': R” — R" be an affine map
with linear part represented by A € M,.(R). Let U be an open subset of R” and o € A¢" (U).

Then
/ Fra = |det(A)]/ a.
F-1(U) U

Proof. The Jacobi matrix of F'is precisely A. Note that by Remark we have
(F*a(z);ni, ... npgr) = (a(F(x)); Ang, . .., Angyy)) = det(A)? - (a(F(2))in, - . . npgr),

as n(Any,... An,) = det(A4) - n(ny,...,n,) for any alternating r-Form n on R". Now if
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det(A) = 0, there is nothing to show. Otherwise F' is an isomorphism, in particular diffeo-

morphism, and the usual change of variables formula yields

[ Pa= ()" [ deap (o) -
F-1(U) F-1(U)

aet()F [ e (foo F) = [der )] [ o

O

Remark 3.1.11. It follows from the change of variables formula above that the definition
of the integral depends on the underlying integral R-affine structure of R™, but not on a

chosen orientation.

Remark 3.1.12. Integration can also be described in terms of a contraction: Let a €
AP4(U) as usual and let I C {1,...,p+¢} be a subset of cardinality |I| = s with s’ elements
contained in {1,...,p} and thus s” = s — ¢’ elements contained in {p+1,...,p+q}. Given

vectors vy,...,vs € R", the contraction

(o v1,...,0s)1 € Ap_sl’q_s//(U)

is given by inserting vy,...,vs for the variables (n;);cr, where we view « as a multilinear
map as in Remark
Now if a € A¢"(U) and using the standard basis e1, ..., e, of Z", the contraction

<Oé; €15+, eT){T—l—l,...,Qr}

is an (7, 0)-superform which we can view as a classical r-form on U. Clearly then

r(r—1)
/ o= (—1) 2 /<Oz;€1,...,€r>{r+17_”72r}
U U

where on the right hand side the integral of usual r-forms is taken. The contraction can of
course also be performed on the first r variables and then do as above for a contraction in
AY(U).

Next we are going to describe integration of superforms along polyhedra and their bound-
aries. Before this though, we quickly recall needed definitions in basic convex geometry.

Definition 3.1.13. (Review of basic convex geometry)

i.) A polyhedron o C R" is the intersection of finitely many halfspaces H; = {w € R" |
(uj,w) < ¢} with ¢; € R and u; € R™, i € {1,...,n}. A polytope is a bounded
polyhedron.
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ii.) We say that o is an integral I'-affine polyhedron for an additive subgroup I' of R if we

may choose all u; € Z™ and ¢; € I.

ii.) Let J ={j € {1,...,n} | (uj,w) = ¢; Yw € o}. Then
Ay ={z eR" | (uj,x) =¢; Vj € J}

is the smallest affine subspace of R” which contains o. Its underlying linear subspace

is Ly = {z € R" | (uj,x2) =0Vj € J}. The dimension of o is dimo := dimp L,

iv.) In particular for an integral I'-affine polyhedron o (recall that ker(A) NZ" is a full-
rank lattice in ker(A) for a matrix A with integral coefficients) we obtain a lattice

Zys :=LsNZ" in L,.

v.) A closed face p of a polyhedron o (denoted by p < o) is either o itself or an intersection
o NOH, where OH is the boundary of some halfspace H containing o. In particular
a closed face is a polyhedron again. Also note that the empty set is a closed face as
well. An open face of a polyhedron is a closed face without all its properly contained

closed faces.

Definition 3.1.14. Let ¢ C R" be a polyhedron of dimension n, and choose a Z-basis of
the lattice Z,. This is also an R-basis of L. In particular this basis induces an R-affine

map G: R" — A,. We get an integral [ o for any o € AZ"™(U), where U is an open

/a::/ G*a,
o G—1(U)

where on the right hand side we integrate the pullback G*a € A" (G™1(U)) along G=H(U) C
R™ as in Definition [3.1.8] By Proposition [3.1.10] this integral is well-defined.

neighborhood of o, by setting

Remark 3.1.15. Let H = {w € R" | (u,w) < ¢} be an integral R-affine halfspace in
R"™ with nontrivial © € Z™ and ¢ € R. Using a translation, we may assume that ¢ = 0
and the boundary OH is an r — 1-dimensional linear subspace of R". Let [wam ] be the
generator of the Z-module Z"/(Z" N 0H) = Z which ’points outwards’, i.e. there clearly is
a upg,g € Z™ such that (ugy g, w) < 0 for all w € H and (upp i, wor,m) = 1. Here we
choose a representative woy g € Z". Also note that upg g is uniquely determined by the

above properties.

Definition 3.1.16. Let U C R" be open and let ¢ C U be an r-dimensional integral R-affine
polyhedron. For any closed face p of dimension r — 1, there is a halfspace H containing
o with p = 0 N OH. Note that the affine hyperplane 0H is generated by p. Now let
Wp,o = Wpp,H as in Remark above, and note that w,, is determined up to addition

with elements in Z, = Z" N L,,.
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Now let n € AL~""(U) and consider the contraction (s Wpo){2r—1} € AVHU) as in
Remark [3.1.12] As the dimension of p is r — 1, and as 7 is alternating in its last r factors,
the restriction of this contraction to p does not depend on the choice of the representative

wp,o- We then define the integral of n along the boundary of o by
/ n:= Z /(n;wp,a>{2rl}7
do p P

where the sum on the right hand side runs over all closed faces p of o of dimension r — 1,
and the integrals along p are taken as in Definition [3.1.14] Analogously for n € AZ’PI(U)

we define
/ n-= E /<777w,0;0>{r}‘
o o Up

Again, as seen before, the integrals do not depend on the choice of an orientation on R".

If o is an integral R-affine polyhedron of any dimension n and if n € Ag_l’”(U ) for an open
subset U of R" containing o, then we define [, 5, 11 by applying the above to the affine space
A, and to the pullback of 7 as in Definition

Remark 3.1.17. Let o be an integral R-affine polyhedron of dimension n and 5 € A2~V (U)
for an open subset U C R" containing 0. We can give a concrete description of |, PR/

terms of integrals over (n — 1)-forms as follows. For every closed face p of o consider as

usual the lattice Z, = L, NZ". If p is of codimension 1, and €f,...,e?_, is a basis of Z,,
then wyq,€f,...,el_; form a basis of Z,. The contraction (1;wpq,€7,...,eh_1)(n, 201}

can be viewed as a classical (n — 1)-form on U and we get

n(n—1)
/ n= § /(77; wp,0>{2r71} = (_1) " E /(77; Wp,o 5 el1)7 cee 76Z—1>{n,...,2n71}'
Oc p P p P

We can now formulate Stokes’ formula in the situation of superforms on polyhedra.

Proposition 3.1.18. (Stokes’ Formula) Let o be an n-dimensional integral R-affine polyhe-
dron contained in an open subset U C R”. For any 1/ € AL ""™(U) and any o/ € AP"1(U),

we have

/d//:/ 77/’ /d// //:/ 77//.
o do o do

Proof. See |[Gubl6l, Proposition 2.9]. O]

Definition 3.1.19. A supercurrent on an open U C R" is a continuous linear functional on

AR24(U), and we denote the space of such supercurrents by Dy, 4(U). The word ’continuous’
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in this situation does ask for an explanation. The precise definition is slightly arduous,
though very similar to the complex case, hence we refer to [Dem12, §2.A] for details. The
general idea is to introduce a topology on A2Y(U) and then to consider the topological dual.

Suffice it to say in our case the following:

i.) We denote the pairing of T' € D, 4(U) and a € AP4(U) by (T, ).

ii.) There is a canonical embedding AP4(U) < D,_,,—q(U) which maps a € AP4(U) to
[a] € Dy—pr—q(U) given by

(ol.8) = [ ans
for any 8 € Ac P U(U).

iii.) Let T € D, 4(U). We define supercurrents d'T' € Dy, 4(U) and d"T € D, ,1(U) via

the action of d’ and d” on forms, i.e.

dT: a— (=1)PT YT da),
d'"T: o (=1)PTI T, d" ).

The signs are chosen such that d’ and d” on forms and currents correspond, i.e. that
we have

d'[a] = [d'a] and d"[a] = [d"q]
for a € APY(U).

iv.) A current T is called d'-closed, if d'T = 0. Analogously for d”.

3.2 Superforms on polyhedral complexes

Definition 3.2.1.
i.) An (integral I-affine) polyhedral complex € in R" is a finite set of (integral I'-affine)
polyhedra in R" which satisfies the following conditions:

a.) If o € €, then all closed faces of o lie in €.

b.) If 0,7 € €, then 0 N7 is a closed face of both.
ii.) The support | €| of a polyhedral complex % is the union of all polyhedra in €.

iii.) A polyhedral complex € is called pure dimensional of dimension n if every maximal

polyhedron in € has dimension n. Write €}, := {0 € ¢ | dimo = k} for k € N.
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iv.) A polyhedral complex & subdivides the polyhedral complex % if they have the same
support and every § € & is contained in some o € ¥. We then say Z is a subdivision

of €.

Definition 3.2.2. Let & be a polyhedral complex in R" and €2 an open subset of |€].

i.) A superform a € AR(Q) of bidegree (p,q) on the polyhedral complex % is given by a
superform o' € AP4(V') where V C R" is open and V N |€| = Q.

ii.) Two forms o/ € AP4(V) and o € APY(W) with V N |€| = W N|%€| = Q define the
same superform in A%q(Q) if their restrictions to any polyhedron in € agree. That is,

for all 0 € € we have
(& (2);01, ..y Upy w1, .. wg) = (& ()5 01,0y Vpy W, -+ W)

for all z € 0 N and v;, wj € L.

In this case we write /|, = o’|,. If a € ARY(Q) is given by o/ € APY(V), write
g = a.

We see easily that A2?(Q) only depends on  as an open subset of the support |4,
not on the structure of the polyhedral complex %.

iii.) The supportsupp(c) of some o € AZ?(2) given by o/ € AP4(V) is defined as supp(a’)N

|€|. As usual we denote by A2 (Q) the space of superforms with compact support.

Remark 3.2.3.

i.) The definition of A, d,d’,d” on superforms on R" carries over to superforms on poly-

hedral complexes.

ii.) Let F: R” — R", F(x) = f(x)+a be an affine map with F(|€”|) C |%| for polyhedral
complexes €' C R and ¢ C R". Then we have f (Ly) € L, for all o/ € €’ with
F(c') C o for some o € ¢, after passing to some subdivision if necessary. Hence the
pullback in Remark carries over to a pullback F*: A2Y(Q) — ADI(QY) for open
subsets () respectively Q' in the support of the polyhedral complexes.

Definition 3.2.4. Let € be a polyhedral complex of pure dimension.
i.) A weight on € is a function m which assigns to every maximal polyhedron o € ¢ an
integer m, € Z. We call € together with m a weighted polyhedral complex (€, m).

ii.) If (¢, m) is a weighted polyhedral complex, we also get a canonical weight on every

subdivision Z of € by passing on the m, to the maximal polyhedra of 2.
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iii.) If (¢, m) is a weighted polyhedral complex, there is a subcomplex
2 :={A €€ | A C o, where o € ¢ is maximal polyhedron with m, # 0}.

We define the support of the weighted complex (%', m) as the support of 2. We usually
neglect the polyhedra of €\ 2.

Definition 3.2.5. Let (¢, m) be a weighted integral R-affine polyhedral complex of pure

dimension n. For o € AZ" () we define the integral
| a3 m [
(¢,m) 0ECn i

where on the right hand side we integrate as in Definition Analogously we define

n—1n

integration along the boundary of ¢ for 5 € Ay " () resp. AZ;’Z_I(Q) by

/8(%%)5:: 3 ma/%ﬁ,

TEGn
where on the right we integrate along boundaries as in Definition [3.1.16

With Stokes’ formula for polyhedra [3.1.18] we immediately get the following version for

polyhedral complexes.

Proposition 3.2.6. (Stokes’ Formula) Let (4, m) be a weighted integral R-affine polyhedral
complex of pure dimension n and Q an open subset of |¢|. For any i/ € A7 ""(Q) and any
n" e A%’Zﬁl(Q), we have

/ d/n/ :/ 77/’ / d//T]// :/ ,,7//.
(¢,m) o(€¢,m) (€,m) o(€¢,m)

Definition 3.2.7. A weighted integral R-affine polyhedral complex (%', m) of pure dimen-
sion n is a tropical cycle of dimension n if its weight m satisfies the balancing condition, i.e.

for every (n — 1)-dimensional p € € we have

Z MoWp.o € Lp.

oECn, p<o

Remark 3.2.8. If (¥, m) is a weighted integral R-affine polyhedral complex of pure dimen-
sion n, then we obtain a supercurrent 64,y € Dnn(R") by setting (0(z m),n) = f(g m) "l
for any n € A2’ (R"). By [GubI6l Proposition 3.8] the following conditions are equivalent:

i.) (¢, m) is a tropical cycle;
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ii.) d(4,m) is a d’-closed supercurrent on R";

iii.) d(4,m) is a d”-closed supercurrent on R”.

3.3 Moment maps and tropical charts

In this section we introduce the notion of tropical charts, with which we will be able to

define differential forms on the Berkovich analytification of algebraic varieties.

From now on, K is an algebraically closed field endowed with a complete nontrivial non-
Archimedean absolute value | - | (sometimes we just write | - |, there is no ambiguity). In
particular the residue field K is also algebraically closed. Let v := —log |-| be the associated
valuation and T" := v(K*) C R its value group. Note that I' is a divisible, dense, additive
subgroup of R.

Also in the following let X always be an algebraic variety over K, i.e. an integral, separated
K-scheme of finite type. Recall that a scheme is integral if and only if it is reduced and

irreducible. Any open subscheme of X is an algebraic variety again.

In the following for the fiber product of algebraic varieties X and Y (if not stated otherwise)
we always consider the scheme theoretic fiber product over Spec(K), i.e. we write X x Y

for X XSpec(K) Y.

In this section we will very often use the following basic fact from algebraic geometry which
we want to call to mind: Let (Y, Oy) be a locally K-ringed space and A a K-algebra. Then

there is a natural bijection

Homygs/k (X, Ox), (Spec(A), Ogpec(a))) — Homgaig. (4, Ox (X))
(F, F7) = F7(Spec(A)),

where the left hand side denotes the morphisms of locally K-ringed spaces, and the right
hand side the morphisms of K-algebras.

Remark 3.3.1. (Berkovich Analytification) We want to briefly recall the most important
properties of the Berkovich analytification of the algebraic variety X for our purposes. For

an elaborate description we refer to [Ber90, Chapter 3|.

The topological space of the analytification X®" of X is the space of all pairs (p,p = |- |,),
where p € X and |- |, is an absolute value on the field extension k(p) = Ox p/mx , over K,

which induces the non-Archimedean absolute value |- |k on K. The space X*" is endowed
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with the coarsest topology such that the map
mi=ker: X = X, (p,p=]|-[p)—p

is continuous and such that for each Zariski open subset U in X and each f € Ox(U) the
map
T U) = R0, (pp=1-1p) = @)= F )l

is continuous.

Furthermore note that if X = Spec(A) is affine, we can view X" as the space of multiplica-
tive seminorms on A extending | - |x endowed with the coarsest topology such that for any
a € A the map

la|: X** = R>o, p=|-[p+ lalp = [a(p)]

is continuous.

The space X" comes with a sheaf Oxan of analytic functions which turns X" into a locally
K-ringed space. We will not go into detail here, however the continuous map m: X" — X
on topological spaces extends to a morphism of locally K-ringed spaces. For any p € X?",
its induced map on stalks

OXJr(p) — OXan P

is local and flat, thus faithfully flat and in particular injective. Hence 7 induces an injection
Ox(U) = Oxan(U™™)

for any open U C X.

A morphism of varieties ¢: X — Y yields a morphism on the analytifications ¢?": X" —
Y2 which preserves immersions, injections, surjections, finiteness and separatedness. On
topological spaces, ¢® is given locally by precomposing with ¢#, i.e. if ¢ = ¢(p) for some
p € X, apair (p,|-|,) maps to (q,|-|q), where | - |4 is obtained via the composition

#
Pp [Ip
Oy,q/my,q — Oxp/mxp — Rxo.

In the affine case, for a morphism ¢: X = Spec(B) — Y = Spec(A) with ¢ = Spec(f: A —
B), the space X" (respectively Y*") can be seen as the set of multiplicative seminorms on
B (respectively A) extending | - |x and on topological spaces we have

(pan: Xan % Yan

(3.3.1)
[+ |p = [a = [f(a)]p].
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For any variety X, the space X®" is locally compact and Hausdorff as X is separated.

Furthermore X®" is compact if and only if X is proper (see [Ber90, Theorem 3.4.8]).

Finally, for the variety X and every good K-analytic space Y and any morphism of locally K-
ringed spaces ¢: Y — X there exists a unique morphism of K-analytic spaces ¢': Y — X2
such that ¢ = mo .

For p € X", denote by H(p) the completion of the residue field k(7 (p)) with respect to
| - |p. For a K-affinoid algebra A we denote the Berkovich spectrum by M(A).

Remark 3.3.2. As in [Ber90) §9.1], for a point 2z € X" we associate nonnegative integers
s(z) and t(z) by

s(z) == trdeg(H(z)/K),
t(z) == dimg Q ®z (v/[H(2)*]/ /K"

and define d(z) := s(x) + t(x). By Abhyankar’s inequality d(x) < trdeg(H(z)/K). Note
that by [Ber90, Prop. 9.1.3] we have

dim(X) = dimg (V) = 8161‘13 d(x)

for any open subset V' C X?". Here dim(X) denotes the dimension of the scheme X, and
dimg (V') is the K-analytic dimension of V' C X?". For a detailed treatment of K-analytic

dimension see [Duc07, Définition 1.13|.

Definition 3.3.3. We write T = G, = Spec(K [T, ..., T:F1]) for the split multiplicative

torus of rank r with coordinates T1,...,7T,.. Recall that T is an affine algebraic variety via

T= Spec(K[Tl, e ,Tr,Sl, e ,ST]/(TDSH - 1, e ,T,«Sr - 1))
i.) We define the tropicalization map

trop: T*" = R", p— (=log|T1(p)l,...,—log|T,(p)]).

ii.) For a closed subvariety Y of T, we call Trop(Y) := trop(Y?") the tropical variety

associated with Y .

Lemma 3.3.4. Let T = GY,. The tropicalization map trop: 7% — RY is a continuous and

proper map of topological spaces.



3.3. MOMENT MAPS AND TROPICAL CHARTS 45

Proof. Continuity is clear by construction of the topology on analytifications. To see that

trop is proper, it suffices to show that for any a; < b; the set
Vi={peT™ [a; <|Ti(p)| < bi, i=1,...,q}
is compact. A K-analytic atlas on 72" is given by charts of the form

(D(0,7), Ormk,)D(0,r))

where r = (r1,...,7,) € R%, and the annulus K, = K{r; 'T},7,5;}/(S;Ti —1) and D(0,r) =
{p € M(K,) | |Ti(p)| < r; Vi}. Hence V is a Laurent domain in a chart with large enough

r;’s, in particular compact. O

Remark 3.3.5. For a closed subvariety Y of T' of dimension n, the Bieri-Groves-Theorem
(see [Gubl13l, Theorem 3.3]) states that Trop(Y) is a finite union of n-dimensional integral I'-
affine polyhedra in R". In tropical geometry it is shown even further that the polyhedra can
be chosen such that Trop(Y') is an integral I'-affine polyhedral complex. The structure of this
complex is only determined up to subdivision, which does not matter for our constructions

though.

Remark 3.3.6. If Y C T is a closed subvariety as above, it is (nontrivially) possible to define
a tropical weight m on an n-dimensional polyhedron o of Trop(Y’), such that (Trop(Y), m)

is a tropical cycle. For details we refer to [Gub13, Section 13].

Example 3.3.7. Let f =3 cznc.T" € K[Tfﬂ7 ..., TF' be an irreducible Laurent poly-

nomial and we consider the closed affine subvariety
X = Spec(K[T7 ... T, '1/(f))

of G},. Recall that we have defined v := —log| - |kx. In tropical geometry (see e.g. [MS15|
§3.1]), the tropicalization trop(f) of the Laurent polynomial f is defined as the piecewise

affine function

trop(f): R" — R,

w — min{v(cy) + (w,u) | v € Z"™ and ¢, # 0}
and the tropical hypersurface trop(V (f)) as the set
{w € R" | the minimum in trop(f)(w) is achieved at least twice}, (3.3.2)

which is the locus where trop(f) fails to be affine.
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Naturally the question arises how trop(V (f)) fits with the notion of Trop(X) as in Definition
B33

For x € X we write as usual k(x) = Ox ,/mx, for the corresponding residue field. For
every K-rational point z € X (K) of the variety X, we have an isomorphism k(z) = K and
thus obtain a natural embedding X (K) — X?". By [Gubl13| 2.6] the set X (K) is dense in
X and by continuity of the tropicalization map the tropical variety Trop(X) = trop(X?")

is equal to the closure of the set

{(~1og [Ty(p)],. .., —log|Tu(p)]) | p € X(K) € X™} C R™. (3.3.3)

We have the canonical identification of X (K) with the roots of f
X(K) ={ae (K)" [ f(a) =0} = V(f).

Each a € X(K) corresponds to the multiplicative seminorm |f|, = |f(a)|x in X*". By
(3.3.3) we obtain

Trop(X) = {(—log|ai|,...,—log|a,|) € R" | a = (a1,...,an) € V([)}.

Now Kapranov’s Theorem (see [MS15, Theorem 3.1.3]) then tells us that the tropical hy-
persurface trop(V (f)) as defined in (3.3.2) is equal to the closure of

{(=loglai|,...,—loglas|) € R" | a = (a1,...,a,) € V(f)} CR™
In particular we get the equality
Trop(X) = trop(V(f)).

This equality can significantly ease explicit computations. For example consider the alge-

braically closed field of Puiseux series

ity = U c@m,

NEN21

where C((t'/™)) is the field of formal Laurent series in the variable t'/™. This field carries a
natural nontrivial non-Archimedean absolute value by setting |f(t)| := exp(—val(f(t))) for
any f(t) € C{t}}*, where val(f(t)) is the lowest exponent i/n that appears in the series
expansion of f(t). Finally let K be the completion of C{t}} with respect to |- | and we
consider the bivariate polynomial f € K[X*! Y*!] given by f = tX3Y24+£2XY +(1+t*) X.
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(3/2,-2)

FIGURE 3.1: Tropical curve of tX3Y?2 +#2XY + (1 +t*)X.

Then the tropicalization of f is given by
trop(f) (w1, we) = min{1 + 3wy + 2wa, 2 + wy + wa, w1 },
and one easily sees that
Trop(Spec( KXY /() = trop(V(f)) = {2 = 1 - 20y Awr > 3)

1 3
U{wgz—i—wl/\wlgi}

3
U{wg——2/\w12§}.

The corresponding polyhedral complex is the tropical curve is sketched in Figure |3.1

Definition and Remark 3.3.8. Let U be an open subset of the algebraic variety X.

i.) A moment map is a scheme morphism ¢: U — T to some split multiplicative torus

T = G;j,. The tropicalization of ¢ is defined as

an trop
Ptrop = trop o ™ UM LA L R".

This is a continuous map with respect to the topology on U?".

Let U’ C U be another open subset with moment map ¢': U’ — T’ = G”,. We say

that ¢’ refines ¢ if there exists an affine morphism of tori : G% — GJ,, such that

m?
p=1vo¢ onU.
Here an affine morphism of tori stems from a group homomorphism Z" — Z" composed

with a (multiplicative) translation, i.e. it comes from a morphism of K-algebras
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K[TE, . TH) = KT, .. T

T — az-TZi,

’ . - Z',l Z-7 i
where a; € K* and 2z = (2i1,...,2,7) € Z" with T% =17 ... T " .

ii.) Now in the situation of a refinement with the notation as above, let = € (U’)** C U
and set ¢ := @ (x) € T?" respectively ¢ := (¢/)**(z) € (T")*". The i-th component
of puop(x) € R satisfies

Giron ()i = —log [Ti(c)] = —log [Ti(w™ ()| BEY —10g [y(T3)(¢')| =

T/

,’,,/
= —log |a,T7 ()| = —log |a;|+Y_ 215 (—log |T5(¢)]) = —loglas| + > 2ijPhrop(®);-
=1 =

If we write Z for the matrix (2;;)i; € M(r x r',Z) and a := (—log|a;|)i=1,.., € I,
then with the above we see that 1 induces an integral I'-affine map

Trop(¥): R” = R”, y — Zy +a,

such that o = Trop(y) o @i, on (U')*".

Remark 3.3.9. If p;: U; — G are finitely many moment maps of nonempty open subsets
Ui,...,U, of X, then U := [, U; is an open subset of X which is nonempty (as X is
irreducible). Note that the fiber product

HG% o Spec(® K[Tfﬂ> . 7T7E|i:1]) ~ G%in

)

is a split torus as well and the universal property of the fiber product yields a morphism
Pi=p1 X o X Oy U—)G%m,

which refines each ¢; via the canonical projection maps (these are clearly affine morphism
of tori). Moreover the universal property of the fiber product immediately yields that for

U’ C U open every moment map ¢’ : U' — T' which refines every ¢; also refines .

Lemma 3.3.10. Let ¢: U — G!, be a moment map on an open subset U of X and let U’
be a nonempty open subset of U. Then ¢irop((U)*™) = Gtrop(U™™).

Proof. See |[Gubl6, Lemma 4.9].
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Remark 3.3.11. Let U C X be an open affine subset. We construct a canonical moment
map py as follows: By an analogy of Dirichlet’s unit theorem the group My := Ox (U)*/K*
is free of finite rank. Choose representatives @1, ..., @, € Ox(U)* of a basis, and we obtain

a K-algebra morphism

K[TF . T — 0x(U),

Ti =
which gives a moment map ¢ : U — GJ,, =: Ty. Note that this moment map is "canonical’

up to base change and multiplicative translation by elements of K*.

Remark 3.3.12. Let f: X’ — X be a morphism of algebraic varieties over K and let
U' C X" and U C X be open subsets with f(U’) C U. Denote by g the composition of ring

morphisms
f#U) -1 Iy /
Ox(U) —— Ox/(f~ (U)) — Ox/(U").
U’

If p1,...,0r € Ox(U)* (respectively ¢),...,¢!,) are lifts of a basis of My (respectively

Zi e—

M), then g(p;) = a;(¢')* for a; € K* and z; € Z"' | where we write as usual (")
()7 -+ (¢l,)%". The K-algebra morphism

KT, T = KT T,

T, — a;T%
induces an affine morphism of tori ¢y g : G% — G, satisfying
Yuurowy =@y o f
on U’. To see the equality note again that G], is affine, hence
Hompgrs(U, G",) = Hompe e (K[T5, ..., TEY, 0x (D)),

so it suffices to easily check the equality on the images of T; under the corresponding ring

map.

In the case X = X’ and f = id, we obtain an affine morphism of tori ¥y ¢ : G% — GJ,
such that ¢y 7 o oy = ¢ on U'. Hence for an inclusion U’ C U of open subsets in X, the

canonical moment map ¢ always refines ¢ in the sense of Definition [3.3.8]

Definition 3.3.13. An open subset U C X is called very affine if U allows a closed immer-

sion into some multiplicative split torus.
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Remark 3.3.14. For an open affine subset U C X the following properties are clearly

equivalent:

i)
ii.)

iii. )

The canonical moment map ¢y is a closed embedding.
U is very affine.

Ox (U) is finitely generated as a K-algebra by Ox (U)*.

The following lemma shows that all local considerations can be done using very affine open

subsets.

Lemma 3.3.15. Let X be an algebraic variety.

i)

ii.)

The intersection of two very affine subsets U < G’ U’ < G’ of X is very affine

again.

The very affine open subsets of X form a basis for the Zariski topology on X.

Proof. i.) As X is separated, the intersection of two affine subsets U N U’ is affine again

ii.)

and the canonical map U N U’ — U x U’ is a closed immersion. The natural map
o x ¢ UxU — Gl x Gl =Grt" is also a closed immersion, as the corresponding

. . . /. . .
map on the tensor products is surjective. Hence UNU’" — G is a closed immersion.

Let x € X and U C X be an open neighborhood of z. It suffices to show that there
is a very affine open V around x with V' C U. In particular we can assume that U
is affine with U = Spec(A), where A is an integral K-algebra of finite type, i.e. it is
of the form A = K|[T1,...,T,]/a for some ideal a. Let p denote the prime ideal of A
corresponding to z and T} the class of T; in A. Consider the elements fi,..., f, € A
with

Ti, fT; ¢ p

5 =

T,+1,ifT;ep

Then V := D(fi1)N---ND(fn) = D(f1--- fn) C U = Spec(A) is open around x and

corresponds to the localization A [ﬁ] . We obtain a surjective K-algebra morphism

+1 +1 1
KT, ... T ]_>A|:f1"'fn:|

T; — fi

which gives a closed immersion V' — GJ,.
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Remark 3.3.16. On a very affine open subset, we will always use the canonical moment
which is a closed immersion by Remark [3.3.14, We write
Trop(U) := Trop(¢u(U)) C R” for the tropical variety of U in Ty, which is a tropical cycle.

map py: U — Ty = GJ

mo

For the tropicalization map we briefly write tropy := (¢u)trop: U™ — R". Recall that ¢
is only determined up to multiplicative translation and change of basis. Hence by Definition

3.3.8} trop;; and Trop(U) are only canonical up to affine transformation.
Definition 3.3.17.
i.) A tropical chart (V,py) on X" consists of an open subset V' of X®" contained in U"

for a very affine open subset U of X with V = trop&l(Q) for some open subset 2 of
Trop(U). Observe that in this case tropy (V) = Q.

ii.) A tropical chart (V' @pr) is called a tropical subchart of (V,oy) if V. CV and U’ C U.

Remark 3.3.18. Recall again that the analytification of morphisms preserves immersions,
i.e. if U C U’ as open subvarieties, then U*" C (U’)®". Hence it makes sense to talk about

inclusions (U’)** C U™ C X®" as in the definition above and about intersections as below.

Remark 3.3.19. Let (V’,¢y/) be a tropical subchart of (V,¢y) with V' = tropy, (€)
respectively V' = tropEl(Q) as above. By Remark |3.3.12] @y refines ¢y and there exists

an affine morphism of tori ¢y 7 such that ¢y o v = @y on U’ and hence tropy =
Trop(¢y,u) o tropy: on (U')**, where Trop(¢y ) is defined as in Remark ii.).

i.) We obtain

Trop(U) = tropy (™) " tropy, (U7)™) =
= (Trop(tuu) o tropy,)(U')™) = Trop(thyp) (Trop(U”)).

Hence the integral I'-affine map Trop(¢yp): R™ — R restricts to a surjective affine

map of supports of polyhedral complexes
Trop(¢y,ur): Trop(U') — Trop(U).
Furthermore this yields

Trop(¢u,u7) (') = Trop(Yy,ur) (tropy: (V') = trOPU(\V//_,) c Q.
cv

ii.) If 0 € Trop(U) and o’ € Trop(U’) are polyhedra with Trop(¢y7)(¢’) = o, then by i.)

the induced linear map IL(c’) — IL(0) of underlying vector spaces is surjective, and by
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the Open Mapping Theorem hence open. In particular
Trop(Yu ) (¥ Ne’) CNNo

is open in o.

Proposition 3.3.20. The tropical charts on X" have the following properties:

i.) For every open subset W C X" and every x € W there exists a tropical chart
(V,pu) with € V. C W. Furthermore, V' can be chosen such that the open subset
tropy (V') C Trop(U) is relatively compact.

ii.) The intersection (V NV’ , pyny) of tropical charts (V, @) and (V', pp/) is a tropical
subchart of both.

iii.) If (V, pr) is a tropical chart and if U” is a very affine open subset of U with V' C (U")2",
then (V, pp~) is a tropical subchart of (V, or).

iv.) Let V' C U?" be an open subset where U C X is a very affine open, and let = € V.
Then there exists a tropical chart (V' ¢p/) with 2z € V/ CV and U’ C U.

Proof. i.) As the very affine open subsets form a basis of the Zariski topology on X and
X?@" can be obtained by glueing the analytifications of its affine opens, we may assume
that X = Spec(A) is a very affine variety. A basis of X?" is formed by subsets of the
form V := {x € X* | 51 < |[fi(2)] < r1,..., 86 < |fu(z)] < rp} with all f; € A and
real numbers s; < r;. We can even assume that all s; > 0. Indeed, let r > 0. As |K*|
lies dense in R>q, we can find a sequence (ap)nen in K*, such that lim, o |an|x =0

and all |a,|x < r, and it is easy to check using the ultrametric triangle inequality that

{ze X ||f@)| €0, =] {z e X ||(f +a))(2)| € (;@15 r)}

ieN >0

for any f € A.

Now any V of such a form lies in the analytification of the nonvanishing locus U :=
{zr € X | fi(zx) #0,..., fu(x) # 0}, which clearly is very affine again as localization
at fi1,..., fx of the very affine variety X. In order to show that (V,py) is a tropical
chart, it remains to show that V = tropy;' () for some open subset Q of Trop(U).

For this, let g1,...,9n € Ox(U)* = A[+2+]* be lifts of a basis of Ox(U)*/K*. We

frefu
can assume without loss of generality that ¢ is given by the map

VKT LT = Ox(U), T gi
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ii.)

For any j € {1,...,k}, there are a; € K* and z; € Z", such that f; = a; - ¢ =
P (a;T).

Note that for x € U we have tropy(z) = (—log(|lgi(2)|),-..,—log(|gn(z)|)) and
consider for any j € {1,...,k} the continuous map
Qe R™ — R,

n
(Y1, - Yn) — laj| - exp (—sz’iyi> .
i=1

An easy direct computation shows that
(@) € (s5,75) <= ajotropy(z) € (s5,75)
for all j € {1,...,k} and z € U

k
Hence V = trop,' ( (ﬂ aj_l(sj,rj)) N Trop(U)).
j=1

=:Q open in Trop(U)
Furthermore trop; (V) is relatively compact, as € is clearly bounded, hence its closure

is compact.

Let (V,op: U — GT,) respectively (V,opr: U — G7) be tropical charts with Q =
tropy; (V) respectively €' = tropy (V') open subsets in Trop(U) respectively Trop(U’).
By Lemma [3.3.15| the intersection U N U’ is very affine via the closed embedding

> UNU 25U xU 22 Gr <Gl =Gl

Here « is the closed immersion coming from the canonical surjective map

Ox(U) ®k Ox(U/) - O0x(Un U/).
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Now consider the following diagram of the underlying topological spaces of analytifi-

cations:
(U/ m U)an
(Ul X U)an Uan
wxsou)a“ l@?fn
(G'I‘ X G’I‘ an 71—3“ )an

trop

’ll’ll
an trop
QOU/ R” '4r proj _ProJ , pr
JPYOJ
trop

Here proj: R”*" — R" is the projection onto the first ' coordinates (respectively
analogously last r coordinates). We want to show that the diagram is commutative.
The commutativity follows directly from the universal property of fiber products except
for subdiagrams (1) and (2). We show commutativity of (1) (commutativity follows
analogously for (2)): Let z € (G, x G )*, which we regard via the isomorphism as
in Remark as a multiplicative seminorm in Spec(K[Si?, ... Sﬁl, TE, . TEY).

As 72" (z) is the precomposition of z with
KTy, . T = K[ST . SS e KT . T = KST, S 1t T,
we see that |T;(72"(x))| = |T;(z)|. Then

proj o trop(z) = (— log [T (2)], ..., — log [Ty (x)]) = trop o 72" ().

Hence the whole diagram commutes. The diagram yields immediately that the set
Q' = Buop (U NU)™) N (Q x Q) € R™ is an open subset of ®yop((U N TU)).
Furthermore by construction of the sets we have

QY=vnv. (3.3.4)

trop(

As pynpr refines @, we obtain an affine map Trop(¢) as in Remark such that

(I)trop = TI“Op(’(/J) o tropyny
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on (UNU’")® which immediately yields with (3.3.4) that
Q" .= Trop(¢y) (") N Trop(U N T")

is an open subset of Trop(U NU’) with VNV’ = tropy L, (2"). Thus (VA V', gy

is a tropical chart as well.

iii.) We need to show that V = tropa,l,(Q”) for some open Q" in Trop(U"). As pyn
refines ¢y, let as above Trop(v) := Trop(¢y,uny~) be the affine map with trop; =
Trop(t)) o tropy» on (U”)2". As (V,¢p) is a tropical chart, let Q := tropy (V) be
the corresponding open subset of Trop(U). From V C (U”)*" we get as in ii.) that
V' = tropy,, () for the open subset Q" := Trop()) "1 (€2) N Trop(U”).

iv.) Choose tropical chart (V’, ;) with # € V/ C V as in i.). Set U’ := U N U, which
is very affine again as intersection of very affines. Then iii.) yields that (V' , ¢p/) is a

tropical chart.

3.4 Differential forms on the analytification

Remark 3.4.1. Let us briefly summarize our constructions up to this point. A tropical
chart (V, pr) consists of an open subset V' of U?" for a very affine open subset U of X such
that V = trop;,' () for some open subset = trop;; (V) of Trop(U). Here py: U — G, is
the canonical moment map. For such a moment map we also shortly write Tty := GJ,, and

Ry :=R" (i.e. omit the 7’ to ease notation).

The tropical variety Trop(U) defines a tropical cycle of Ry via the tropicalization map
trop;;: U™ — Ry. The canonical map ¢y is only determined up to affine morphism of
tori (see Remark|3.3.8)), hence all tropical constructions are canonical up to integral T'-affine

isomorphism.

For a tropical subchart (V' ¢p/) C (V, @p) there is an affine morphism of tori

Yuu: Ty — Ty

with ¢y = Yy 0wy on U'. The induced integral T'-affine map Trop(yyur): Ryr — Ry
surjectively maps the support of the polyhedral complex Trop(U’) onto Trop(U) (see Remark
3.3.19) with

Trop(Yu,u7) (tropy: (V1)) € tropy (V).
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Definition 3.4.2. Consider the situation of tropical subcharts (V' prr) C (V, prr) as above.
We define the restriction of a superform a € A%fop(U) (©2) on the polyhedral complex Trop(U)
to a superform on Q' := tropy/ (V') C Trop(U’) as the pullback

Oé’v/ = T‘I‘Op(wUl]/)*O[ S A%qop(U,)(Q/).

Remark 3.4.3. For tropical subcharts (V,¢5) € (V/,¢pr) C (V, o) and o € ARL 0 (Q),

Trop(U)
note that

Trop(¢y; ) = Trop(Yu,u7) © Trop(Yyy 17),

hence

(alv)ly = aly-

Definition 3.4.4. i) A differential form « of bidegree (p, q) on an open subset V' of X"
is given by a family {(V;, vu,, ;) }icr such that the following holds:

a.) For all i € I the pair (V;, ¢y, ) is a tropical chart of X*" and (J;c; Vi =V.

b.) For all i € I we have oy € AL (€;) with Q; = tropy, (V5).

Tropy,

c.) All o; agree on intersections, that is for all (i,5) € I? we have
ailviv; = ajlviny; € AT wnw,) (tropu,no, (Vi N V;)).

ii.) If o/ = {(V/, pu:, o)) }ier is another differential form on V, then we consider a and o

as the same differential form if and only if

O‘i’ViﬁV}’ = a;“%mvj'
for all (¢,5) e I x I'.

iii.) We denote the space of (p, ¢)-differential forms on V' by AR%, (V') (respectively AP4(V)

if the ambient variety X is understood).
iv.) For a = {(Vi, pu,, i) }ier we define the differential operator
d': APUV) — APTLA(Y)
d'o = {(Vi, v, d i) bier.
Analogously we define d”, d and the wedge product A.

Remark 3.4.5. Let W C V be an inclusion of open subsets in X*" and a = {(V}, pu,, ;) bier €
AP4(V). By Proposition |3.3.20] we can choose tropical charts {(Wj,QDU]{)}jeJ such that
Ujes Wj = W and for all j € J there is an i(j) € I with W; C V) and Uj C Uy;). We
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then have a natural restriction

alw = {(Wj, pur, iy lw;) }ies € APIW),

which is functorial and well-defined, as it is independent of the choice of tropical charts

above.

Indeed, let {(Wk, SOUk)}keK be another cover of W as above and set 8 := {(W}, Puts i) lw;)}ies
and y := { (W, P, » ai(k)‘v*vk)}keK Then for any (j,k) € J x K have W;NW}, C Vie)y Wik

and hence

ﬁj‘wjmﬁfk = (O‘i(j)’Wj)’ijWk = ai(j)‘ijVT/k = (ai(j)’VujWVi(k)”ijWk
= (ai(k)"/i(j)ﬂ‘/i(k)ﬂwjmlka = O‘i(k)‘WjﬂVVk = (al(k)’Wk)‘WJka
= Yelw, i

so by definition 8 and v define the same differential form.

With the restriction maps the differential forms form a presheaf AR?, () on X** by
Vi ARLL(V),

which is a sheaf by the local nature of Definition [3.4.4]

Lemma 3.4.6. Let o € AP%(V) be given by one canonical tropical chart (V, ¢y, a’) and
assume there exist tropical subcharts {(V;, o) bier of (V. ¢u) with (J,c; Vi = V such that
aly; =0 for all i € I. Then already o/ = 0.

Proof. Fix an arbitrary point € ©Q = tropy (V) and show that o vanishes in an open
neighborhood of . We choose a relatively compact neighborhood €’ of x in © and let
V= tropEl(Q’ ) C V be its preimage. Since trop is proper, V' is relatively compact as
well und thus covered by finitely many V;. Replacing the tropical chart (V, ¢r) by (V' @)
and (V;, ¢u,) by (V' NV, ¢p,) and considering the superform o/|q/, we may assume that I

is finite.

Now by the finiteness of I we are able to choose polyhedral structures C (respectively C;)
on Trop(U) (respectively Trop(U;)) such that for each o; € C; there exists o € C with
Trop(¢Yuy,)(0i) = 0. Let 0 € C and we want to show o/|gne = 0.

Let (045 € C;)i; be the finite collection of polyhedra with Trop(vy.u,)(0i;) = o, and write
Q; = tropy, (Vi). Then, as tropy = Trop(yy,y;) o tropy, on U;, we have
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Q =, Trop(¥u,v,)(£%) and so

QN o = |JTrop(vuu,) () N o = Trop(dv,u,) (4 N oyy),
i Y]

where the right hand side is an open cover by Remark|3.3.19|iii.). By the same remark, for all

i,j the underlying linear map LL(0y;) — L(0) is surjective and as Trop(Yu,y,)*@|s;;n0; = 0

by assumption, we also obtain o’ |Trop( )(oi;n0;) = 0. This shows the claim. O

Yu,u,

Remark 3.4.7. The above lemma implies that for any differential form o € AP?(V') which

pq

is given by a single superform oy € ATrOp(U) (tropy; (V) for a tropical chart (V,¢r), we

have a = 0 if and only if ay = 0.

Corollary 3.4.8. Let V. C X" be an open subset and let o = {(V;, pu,, ;) }ier and

o = {(Vj’, vus, a;)}jGJ be two differential forms on V. Suppose there are tropical subcharts

{(Wis, SOUijl)}ijl of (V; N Vj’, ‘PUimU;) for all 4, j such that V; N Vj’ = Uiﬂ Wi with

(ai|ViﬁVj/)|Wijl = (a}|wmvj/)|wiﬂ

for all . Then o = o'.

Proof. This is a direct consequence of Lemma O

Remark 3.4.9. Corollary [3.4.8| shows that in Definition [3.4.4] we could have also required
that two differential forms are the same if there is some common refinement of their covers

of tropical charts such that the pullbacks to this refined cover agree.

Definition 3.4.10. Let o € AP4(V) for V. C X open. Recall that the support of the

section « in the sheaf theoretic sense is given as
supp(a) :=V \ {z € V | 3 open V, around x with aly, = 0}.

We denote by ALY(V) = A%L, (V) the space of differential forms of bidegree (p,q) with

compact support in V.

Lemma 3.4.11. Let (V,py) be a tropical chart of X?" with 2 = trop; (V) and suppose

a € AP4(V) is given by a single superform ay € A%gop(U) (). Then

tropy (supp(a)) = supp(ar),

where the right hand side is the support of superforms on polyhedral complexes as in

Definition iii.).
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Proof. We show both inclusions. Let € supp(e), and we have V = trop;;' (2). Choose
an arbitrarily small open set €' C Q around tropy;(z) in Trop(U) and let V' := trop' Q).
Hence (V/, o) is a tropical chart as well. Then a|ys # 0, which is given by the single
superform agr|q. Remark implies that ay|g is not identically zero, and as €' has
been chosen arbitrarily small, we obtain trop;(z) € supp(ay).

As ©Q = tropy (V), for the other inclusion let tropy(z) € supp(ay) for some x € V and we
need to show that x € supp(«). Let V! C V be open subset around x. By passing to a
smaller neighborhood we can assume that V' comes from a tropical chart (V’, o) with Q' =
tropy(V'). Then aly is given by the single superform Trop(vyy,u)*ay € A%fop(U')(Q/)‘
Note that the set

Trop(¢u,ur) (') = tropy (V') € Trop(U)

is open in Trop(U) by Remark 3.3.19, As aylirop, (v7) # 0, we also obtain that alys # 0

which shows the claim. O

We will now examine the support of differential forms in certain cases. For this we need the

following involved result.

Proposition 3.4.12. Let z € X?". Then there exists a very affine open U C X with x €
U?" such that for any open neighborhood W C U?" of z, there is a compact neighborhood
V of x in W such that tropy (V) is a finite union of d(x)-dimensional integral I'-affine
polytopes. Here d(z) = s(x) + t(z) as defined in Remark

Proof. For details see [Gubl6, Proposition 4.14]. O

Lemma 3.4.13. Let W be an open subset of X?*. Let o € AP4(W) and z € W with
d(x) < max(p, q). Then z ¢ supp(«).

Proof. By Proposition [3.3:20/and shrinking the open neighborhood around z we can as usual
assume that W comes from a tropical chart (W, py) and « is given by a single superform
ay € A%qop(U) (tropy;(W)). By Proposition there is a very affine open subset U, of
U with z € U™ and compact neighborhood V,, of x in U2* N W such that tropy (V) is
a finite union of d(x)-dimensional polytopes. Choose by Proposition iv.) a tropical
chart (V' pp/) with 2 € V! C V, C W and U’ C U, C U. Hence we have as usual an
affine morphism of tori ¢y with ¢y = Yy 7 o @y on U'. Note that aly~ is given by the

superform

Trop(Yu,u) ay € A%’fop(yz) (tropgy (V7).
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We want to show that this superform becomes zero. We observe that by U’ C U, C U,
V' C V, CW we have a factorization

Trop(¢y,ur) o tropy, = tropy = Trop(Yu,u, ) © Trop(Yy, vr) o tropy:,

=tropy, on U’

on U’, hence

Trop(Yu,u7) (tropy: (V') = tropy (V') = Trop(¢u,u., ) (tropy, (V7).

In particular since V' C V., we obtain
dim(tropy; (V")) < dim(tropy, (V') < d(z) < max(p, g).

Here by abuse of notation dim(tropy;(V')) denotes the maximum dimension of the polyhedra

in Trop(U) intersecting trop; (V).

However by Trop(y,u)(tropy: (V') = tropy (V') we can conclude by dimensionality that
Trop(¢y,y)*ay = 0 on any polyhedron of Trop(U’) intersecting tropy (V’), and thus = ¢

supp(a). O

Corollary 3.4.14. Let W C X?" and o € AP9(W). If there exists a Zariski open subset
U C X with dim(X \ U) < max(p, ¢), then already supp(a) C W N U?".

Proof. Let x € W \ U*. Then by Remark we know that d(z) < dim(X \ U) <
max(p, q). By Lemma [3.4.13| we get = ¢ supp(a). O

Remark 3.4.15. Let a € AP4(X?*") with max(p,q) = dim(X). Interestingly the support
of «v is quite small, and can always be found in the valuations on the function field K(X)

extending | - |k

Recall that as X is irreducible, any proper closed subset Y C X fulfills dimY < dim X
(see e.g. [GW10, Lemma 5.7]). Hence by Corollary the support of a is contained
in the analytification of any nonempty open subset of X. If m: X?" — X is the usual
analytification morphism as in Remark then we already have

supp(a) C 71 ({n}),

where 7 is the generic point of X. Indeed, by the above we have

supp(a) € () 7 (U) =~ ( () U) ==""({n}).
UCXopen UCXopen
U0 U()
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Proposition 3.4.16. Let a € A2?(X?") be a differential form with max(p,q) = dim(X).
Then there is a very affine open subset U of X such that supp(a) C U and such that

a|yan is given by a single superform ay € A’,}’fop(U),c(Trop(U)).

Proof. Write o = {(V}, ¢u;, i) }ier with U;c; Vi = X*. As supp(a) € X" is compact,
« is given by finitely many tropical charts {(Vi, ¢;)}iz1,..s and a; € A%qop(U_)(Qi), where
Q; = tropy, (V;) is an open subset of Trop(U;). The intersection U = Uy N---NUs is a

nonempty very affine open subset of X. Let V be the open subset of U*" given by
S
V=U"n|JV
i=1

Furthermore, as X is irreducible, we have dim(X \U) < dim(X) for the proper closed subset
X \ U, hence by Corollary [3.4.14 we get supp(a) C U**. As U C U; for each i € {1,...,s}

we have as always a refinement

Yu; = Yu, U ° YU

on U with
tropy, = Trop(Yy, ) o tropy

on U?". With the above and recalling that V; := tropl}il(Qi), one checks easily that for all
ie{l,...,s} we have

tropy (V; N UM = Trop(¢Ui7U)_1(Qi) N Trop(U)

and we denote this open subset of Trop(U) by €. Define Q := (J;_; Q, C Trop(U) and we
get trop; () = V. This shows that (V) is a tropical chart of X®. We consider now
the restriction a|y € AP9(V) which is represented by ({Vi N U, ¢y, af})i=1,.. s, where

o; = aily,nuan = Trop(Yy, v)*ai € A%rqop(U)(Q;)'

As ajlvnvnuan = O[;-|VimVjQUan, and as all o/ are given via the same affine open U, the
superforms o glue to a single superform oy € A%qop(U)(Q) with ay|y,npse = of. By

Remark aly is given by the single superform . By Lemma [3.4.11 ayy has compact
support in Q. As supp(a) C U?" is already covered by Vi,..., Vs, we can conclude by

extending oy by zero that oy is a superform on Trop(U) which defines «/|gan. O

Definition 3.4.17.

i.) Let a € A¢"(W) for an open subset W C X with n = dim(X). We may view «

as an (n,n)-form on X® with compact support. A very affine open subset U as in
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ii.)

Proposition [3.4.16] is called a very affine chart of integration for a.. Then « is given by
a superform oy € A%;ZP(ULC(Trop(U)).

We define the integral of o over W by

/ a::/ agy.
w Trop(U)

Here Trop(U) is viewed as a tropical cycle (see Definition [3.2.7 and Remark [3.3.6) and
we integrate along the polyhedral complex Trop(U) as in Definition [3.2.5]

Remark 3.4.18. Let a € Az (W) for an open subset W C X*" with n = dim(X).

i)

ii.)

Let U’ C U be an inclusion of nonempty very affine subsets of X. If U is a very affine
chart of integration for «, then by Corollary |3.4.14] the subset U’ is a very affine chart

of integration as well.

The definition of fWa is well-defined, i.e. it does not depend on the choice of the
very affine chart of integration for «. Indeed, by passing to the intersection of the
affine charts of integration, by i.) we can always assume we are in the situation of an

inclusion U’ C U as in i.). We need to show that

/ ay :/ ayr,
Trop(U) Trop(U’)

where « is given on U?" (respectively (U')*®) by ay € A%Zp(U) (Trop(U)) (respec-

tively oy € A%ZP(U,)C(TrOp(U "))). As always we obtain affine morphism of tori
Yy, with tropy; = Trop(¢y,pr) o tropy on (U')*", and « is given on (U')** also by
Trop(¢yyr)*ay. By Remark we already have o = Trop(Yy,u)* ay.

Then by the Sturmfels-Tevelev multiplicity formula the pushforward of the weighted
complex Trop(¢y,p7)«(Trop(U’)) is equal to Trop(U), and by the Projection Formula

the integral on pushforwards agrees with the integral of pullbacks, i.e.

Trop(Yu,u) av,

ﬁrropwU,U/)*(Trop(U')) e /mpwo

~ :OLU/
=Trop(U)

which shows the claim. For brevity we have not defined pushforwards of weighted
complexes, hence have neither stated the Sturmfels-Tevelev multiplicity formula nor
the Projection Formula. For definitions and details see [Gub16, 3.9, Proposition 3.10,
Proposition 4.11].
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iii.) For A\,p € R and a, B € APY(W) we have

/W)\a+p5—/\/wa+p/w,3.

This follows directly from the corresponding property of integration of superforms
along polyhedral complexes after we have chosen a simultaneous very affine chart of

integration for both a and 3, which is possible by ii.).

Remark 3.4.19. Using the theory on general good K-analytic spaces introduced by Chambert-
Loir and Ducros in [CLD12|, one can define integration along boundaries of good K-analytic
spaces, where we consider boundaries of analytic spaces as introduced in [Ber90, §3.1]. Then
there is a version of Stokes’ theorem as stated in [CLD12, Théoréme 3.12.1]. However the
analytification of a variety always has trivial boundary (see [Ber90, Theorem 3.4.1]) and in

our setting we obtain the following analogue of Stokes’ theorem.

Theorem 3.4.20. Let n = dim(X), W C X® open and o € AL ""(W), 8 € AP H(W).
We have [, d'a =0 and [, d’8=0.

Proof. By Proposition [3.4.16| there is a very affine subset U C X such that supp(a) C U?
and such that « is given on U?" by a single superform ay € A (Trop(U)). Then U

Trop(U),c
is a very affine chart of integration for d'a via d’ay. The claim follows as the supercurrent
OTrop(7) € Dnn(Ry) is d'-closed by Remark O

Remark 3.4.21. On complex manifolds, integration is defined by using a partition of unity
with compact supports subordinated to a covering by holomorphic charts. This was not
necessary in our setting as the supports of differential forms are ’quite small’ and we could
define integration by using a single tropical chart. In the following though we will see that
there is a notion of a smooth partition of unity for any open covering of a paracompact
open subset of X®*. In particular we will see that the sheaves AR%, are fine, which is an

important result for the study of their sheaf cohomology groups.

Definition 3.4.22. In analogy with differential geometry, set C°(V) := A%9(V) for an
open subset V' C X?" and call an element in C*°(V) a smooth function on V. This is
motivated as every (0,0)-form defines a continuous function on V. Indeed, let f € A% (V)
be given by a family {V;, ov,, fi}ier, then for x € V' the assignment f(z) := f; o tropy, (z)

yields a continuous function on V. This is well defined, as fi|v;nv; = fjlv;ny; by Definition
B,

Lemma 3.4.23. Let R be the constant sheaf on X2" associated to R. Then there is a

canonical isomorphism of sheaves

R = ker(d": Ag&?m — Agﬁm)
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coming from the sheafification of the morphism which sends a ¢ € R to its induced constant

function in C*°(V) for any open V' C X?".

Proof. For any f = {V;,¢u,, fitic1 € C°(V) we have d’f = 0 if and only if f is locally
constant, as the corresponding statement holds in tropy, (V;) € Ry, for f; and any i €
I. This immediately yields the well-definedness of the sheaf morphism and its induced

isomorphism on stalks. O

Remark 3.4.24.

i.) Recall that a topological space X is called paracompact if every open cover has a locally
finite open refinement. An open cover {U; }ier of X is called locally finite if every z € X

has an open neighborhood that intersects only finitely many Us.

ii.) Every compact space is paracompact. Furthermore every locally compact space X
which is o-compact (i.e. X is the union of countably many compact subspaces) is
paracompact. In particular any locally compact and second-countable Hausdorff space
is paracompact. Any closed subspace of a paracompact space is paracompact, however

not necessarily every open subspace is.

iii.) By ii.) the space X®" is paracompact for a variety X, as X?" is locally compact and
o-compact. The latter follows as X" is covered by finitely many closed immersions
X — (A™)?" and as

(A = |J M(K{r~'T})

reNn

is o-compact. Here K{r~'T} denotes the K-affinoid algebra K {r'T1,...,r;'T,} for
r € N".

Definition 3.4.25. Let (W;);cr be an open covering of an open subset W C X" A smooth
partition of unity on W with compact supports subordinated to the covering (W;);cs is
a family (¢;)jes of nonnegative smooth functions with compact support on W with the

following properties:
i.) The family (supp(¢;));es is locally finite on W.
ii.) We have > ;¢ =1 on W.
iii.) For every j € J, there is i(j) € I such that supp(¢;) C Wj;).

Proposition 3.4.26. Let (W;);c;r be an open covering of a paracompact open subset W
of X?". Then there is a smooth partition of unity (¢;);jes on W with compact supports

subordinated to the covering (W;);cr.
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Proof. See |[Gubl6l, Proposition 5.10]. O

Definition 3.4.27. We briefly recall the definitions of fine, soft and acyclic sheaves. Let F

be a sheaf of abelian groups on a topological space X.

i.) The sheaf F is called soft, if for any closed set S C X, the restriction map

F(X)— lim F(U)
UDS open

is surjective.

ii.) The sheaf F is called acyclic, if all higher sheaf cohomology groups vanish, i.e.
H(X,F)=0

for ¢ > 0.

iii.) Let X be paracompact and Hausdorff. The sheaf F is called fine, if for any locally finite
open cover {U;}ier of X, there exists a family of sheaf morphisms {n;: F — F}icr,
such that

a.) Zie[ ni = 1dF;
b.) for any ¢ € I we have 1;, = 0 for all « in some neighborhood of X \ U;. Here

Nia: Fzr — Fz denotes the induced map on stalks.

Remark 3.4.28. By [Wel80, Proposition I1.3.5, Theorem I1.3.11], a fine sheaf on a para-
compact Hausdorff space is soft, and a soft sheaf is acyclic. Recall that acyclic resolutions

can be used to compute sheaf cohomology groups (see e.g. [Wel80, Theorem I1.3.13]).

Remark 3.4.29. The space X" is paracompact by Remark [3.4.24] and Hausdorff by Re-
mark hence we are able to talk about fine sheaves on X?2".

Corollary 3.4.30. The sheaves AP? on X?" are fine, soft and acyclic.

Proof. Softness and acyclicity are direct consequences of fineness. Fineness follows from
Proposition [3.4.26| and as AP? is a C°°-module on X?" via the multiplication map (for
V C X*" open)

(V) x APUV) — API(V)

({Visous, fitier: V), eu,, ajtier) = {ViNVj, euinu;s filvinv, - slviav, Yaperxs O
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Remark 3.4.31. Let n be the dimension of the variety X. For any 0 < p < n we have on

X a complex of sheaves

d// d//

0 — Ap70 d” Apal AP,” — 0

Naturally the question arises if this complex is exact. The following theorem affirms this
question in positive degrees and was proved by Jell. It can be seen as an analogue of the

classical Poincaré Lemma.

Theorem 3.4.32. (d’-Poincaré Lemma) Let V' C X?" be an open subset. Let x € V and
a € AP9(V) with ¢ > 0 and d"a = 0. Then there exists some open W C V with z € W
and some 3 € AP4~L(W) such that d"8 = a|w.

Proof. See |Jell6al Theorem 4.5]. O

Corollary 3.4.33. (Dolbeault Cohomology) Let X be a variety of dimension n. For any
0 < p <n the complex

d// d// d//
0 — APO AP! . AP — 0

is exact in positive degrees by Theorem [3.4.32] and yields an acyclic resolution of the kernel
sheaf

0 — ker(d": AR, — ARL,) — AR,

and hence the sheaves Agéfm can be used to compute the sheaf cohomology groups of
0 Nl
ker(d”: A%, — AR.).

We define the Dolbeault cohomology groups HP4(X?") of X2 as

HPa (a0 ker(d": APA(X2™) — APaTL(Xa0))
( )= im(d”: Apa—1(Xan) — Apa(Xan))’

(3.4.1)

Here for consistency of notation we set A%%, = 0 for ¢ < 0. With the above we obtain

isomorphisms
[ ) 70 ,1 ~ ,®
H® (X" ker(d": Afan — ARGn)) = HP (X,

and in particular with Lemma [3.4.23| isomorphisms

H* (Xan’ R) ~ HO,.(Xan).



The Tropical Cycle Class Map

In this final chapter we draw the connection between Chapter [2]and Chapter[3] In particular
we will construct a morphism from the sheaf of rational Milnor K-Theory of Oxan to the
kernel sheaf of differential forms on X?". This connection will then be used to finally define
the tropical cycle class map clyop: CHP(X) — HPP(X?") and formulate Theorem by
Liu.

4.1 The map from Milnor K-Theory to differential forms

The aim of this section is to define a Q-linear morphism of sheaves
H o — ker(d": AR, — ARLL).

Yet before this, we need to make some technical remarks:

In [CLD12], differential forms and moment maps are defined for general good K-analytic
spaces. In the following we will see that for the analytification of a variety, the tropicalization
of a moment map in the sense of [CLD12| locally fits with our algebraic approach and we
use this to establish a morphism between the sheaf of rational Milnor K-Theory #¥., and
the kernel sheaf ker(d”: A§£n — Ag(’-.ldn). We assume all K-analytic spaces in the sense of

Berkovich to be good.

Definition 4.1.1. (Moment maps on analytic spaces) Let X be a K-analytic space. We
call a morphism ¢: X — (G%)™ of K-analytic spaces an analytic moment map. As in the

case of algebraic varieties, call pirop 1= trop o p: X — R? the tropicalization map of ¢.

Remark 4.1.2. Let (X,0x) be a K-analytic space and U C X open. We can fully

classify analytic moment maps U — (Gf,)*" by invertible analytic functions. Indeed, let

67
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fi,..., fq € Ox(U)*. These elements induce an analytic moment map
G:U — (GL)*™

as follows:

As G}, = Spec(K[Tlil,...,Tqﬂ]) is an affine scheme, we have the standard bijection
Homy s/ (X, Gh) = Hompag (K[Ti, ..., T, Ox(U)). Hence, as the invertible an-

alytic functions f; yield a K-algebra morphism

¢! K[T{, ..., T = 0x(U),
T — fi

we get an induced morphism of locally K-ringed spaces F': U — Gi,. Note that the image

F(p) of a p € U is given as the preimage of the maximal ideal my , C Ox, under the map

KT, T = Ox(U) — Ox,p. (4.1.1)

As known by Remark there exists a unique morphism G: U — (G{,)* of K-analytic

spaces, such that the following diagram commutes

(G;Zn)an
% \
U £ y G,

Here 7 is the usual analytification map p — ker(p) for a multiplicative seminorm p € (G}, )*»
as in Remark Using the diagram above, equation (4.1.1)) and by uniqueness, we can

give an explicit description of the morphism G on topological spaces as follows:

Let p € U. By passing to a smaller open subset in the K-analytic atlas of X, we can
assume that U is an open subset of M(A), where A is a K-affinoid algebra. Then for
p € U C M(A) we get that G(p) € (G,)™ is the multiplicative seminorm which maps a
g€ K[T{, ..., T to

19(G @) = lv(9)p(P)]- (4.1.2)

Here the right hand side is the absolute value of the image of the germ ¢(g), € Ox ;, under
the usual map Ox , — H(p), where H(p) is the completion of Frac(A/ ker(p)) with respect
to p. Note that mx, = {f € Ox, | | fp(p)| = 0}.
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On the other hand, any analytic morphism G: U — (G{,)*" gives a morphism of locally
ringed spaces F' = oG as in the diagram above and hence we obtain elements F# (U)(T;) €
Ox(U)* for i = 1,...,q. Uniqueness in the discussion above shows that G must already

come from these elements.

The following result states that the our algebraic moment maps locally fit with the analytic

moment maps after tropicalization.

Proposition 4.1.3. Let X be an algebraic variety over K and T = G}, a split torus. Let
p: W — T be an analytic moment map defined on an open subset W of X?*". For every
x € W there is a very affine open subset U of X with an algebraic moment map ¢': U — T
and an open neighborhood V' of z in U* N'W such that @uop = ¢, on V. Recall that

Phrop = trop o (¢')*".

Proof. As in Remark [£.1.2] the analytic moment map ¢ is given by invertible analytic func-
tions @1, ..., ¢, The general idea of the proof is then to see that the ¢}s restrict to strictly
convergent Laurent series in some suitable Laurent domain V' in W. After cutting these
series off in sufficiently high positive and negative degree, we obtain Laurent polynomi-
als whose valuations match with the ¢; in V', and can thus be used to define the desired

algebraic moment map. For details see [Gub16, Proposition 7.2]. O

The next lemma is slightly technical, however is important for subsequent constructions.

Lemma 4.1.4. Let W C X?" open and ®: W — (G}}))*" an analytic moment map. Fur-
thermore let a be a (p, ¢)-superform on R". Then there is an w € AR%, (W) which is locally
given by «, i.e. for all z € W there exists a tropical chart (V,¢y) with z € V' C W and
integral I'-affine map F': Ry — R”™ such that

Dirop = F o tropy

on V and

wly = Ffa € A%’fop(U) (tropy (V).

Proof. Let x € W and we choose a triple f/, U, ¢ as in Proposition with @trop = Pirop
on V. By Proposition iv.) choose tropical chart (V, oy, ) with V, C V and U, C U.
Then ¢, refines ¢, i.e. there exists an affine morphism of tori ¢,: Ty, — G}, with
@ =1z 0 py, on U,. Write F, for the I'-affine map Trop(¢,): Ry, — R™ and in particular
we obtain (as V, C V, and Pirop = Ptrop ON f/) that

DPirop = Fy o tropy, (4.1.3)
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on V. We write as usual €2, = tropy; (V) for the associated open subset of the polyhedral
complex Trop(U,). Define
wy = Frae A]{:fop(Uz)(Qx) (4.1.4)

and together a differential form

w = {(Va, ¢u,,wa) toew € API(W).

It remains to show that w lies indeed in AP?(WV), i.e. we need to show that for x,y € W

we have

wm‘VxﬂVy = wy‘VxﬁVy .

As above write Qg = tropy, ny, (Vo N'Vy). Let 2 € Qg and o be a polyhedron in

Trop(U, N Uy) which contains z. Furthermore let vq,...,vp, w1,...,wy € Ly. Note that
we can assume for any w € L, after sufficiently scaling down (pass to ¢ - w for a small
¢ > 0) that there is ay, by, € Qg4 such that w = a,, — by. To ease notation write G, (and

analogously G) for the affine map

F, o Trop(Yv,v.nvu,): Ru,nu, — R"

with linear part g,. Note that we have with (4.1.3)) that

on € 4, hence G,(z) = Gy(2) and for w € L, as above
G, affin awabweﬂx,'
gz (W) = gz(aw — by) *= ¢ Ga(aw) — Gu(bw) =" Gy(aw) - Gy(bw) = gy(w)-
This yields immediately that

<wx\vznvy(2);7)17 e Up, W, .., Wy

)
(Trop(z/;UwUszy)*Fx*a(z); V1o Upy W, ..., Wy) =
Up),gx(wl), s agm(wq >
)

((G(2)); gx(v1), - - ga( )
((Gy(2)); 9y(01); - -+ 9y (), gy(wr), - -, gy(wg)
)

(Wylvenv, (2); 01, -0 vp, w1, .0 wy),

which shows the claim. The above discussion also shows that w does not depend on the

choice of the tropical charts around x € W. O

Definition 4.1.5. Let X be an algebraic variety over K with corresponding analytification
(X2 Oxan). Furthermore let £ .. be the p-th sheaf of rational Milnor K-Theory of O xan
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as introduced in Definition [2.3.2] We define a Q-linear map of sheaves
" ,0 ,1
Than t Han — ker(d": ARG, — ARG)

as follows. We construct a morphism of presheaves K (Oxan(e)) @ Q — ker(d”: AP0(e) —

AP-1(e)), the claim follows then from the universal property of the sheafification.

Let W C X®" be open and {fi,..., fp} € Ké\/[(OX(W)) with f1,..., fp, € Oxan(W)*. As
in Remark the f;’s induce a morphism ®: W — (Gh,)®® of K-analytic spaces. Note

that we have

¢'tl‘op(q) = (_ log ’(fi)q(qﬂ)i:l,.-m
as in (4.1.2)) for ¢ € W.

Endow RP with coordinates x;. The superform d'z1 A -+ A d'z, € APO(RP) induces by
Lemma a differential form in ker(d”: APO(W) — APY(W)) which we denote by

({1 fo}):

Obviously 75, is compatible with restriction.

It remains to show that 75... factors through the relations of Milnor K-theories.

i.) The fact that

Tg}an({flw-'afifz‘lv"'7fp}) :Tg}an({fla"'vfia"'vfp})+T§aﬂ({f1a'--v z’lv"'afp})

follows from a similar argument as in Lemma above (i.e. being able to restrict

attention to elements in Q, after scaling) and noting that for vectors

aj = (—log|(fi)g;(gj)])i=1,..p € RP

for j=1,...,pand g € W we have

dzy A Ndwzp(ar,. .., ap)
dr A A dzy((—10g|(F)gy (@) — 0 (fif gy @) -~ 108 [(Fo)ay (45))s=1,...0) =
det (=1og|(f1)g (@) 108l (fifgy(a)| oo =108 1(fp)ay (a5)Ns=tp

=—log|(fi)q; (a;)|-1og |(f{)a; (g;)]

N—

The claim then follows as the determinant is multilinear in rows.
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ii.) We need to show that for j < k € {1,...,p} we have

Tf(an({fl,...,\f’/,...,l—f,...,fp}):O.

j-th k-th

For f € Ox(W)* and ¢ € W it follows from the ultrametric triangle inequality and

principle of dominance, that for the pair (f,1 — f) we have

(0, =log [(1 = f)q(a)]) for [fo(q)] = 1,
(=log|fg(a)l, —log [(1 = flg(a)]) = | (~log|fy(a)l, —log | fy(a)]) for |fy(q)] > 1,

(—1og |,(q)],0) for [£,(q)] < 1.

Hence ®;0p(W) must be contained in the union of the three hypersurfaces

{(1‘1,...,xj,1,0,$j+1,...,xk,...,xp) | z; ER} U
{(@1,... 25, T, @, Tpg1 .-, Tp) | T € R} U
{(x1,.. . x4, k1,0, 241, ..., 2p) | 2 € R}

in RP. Thus any polyhedron contained in ®¢,o, (1) can have dimension at most p — 1.

As 7., is by construction locally defined via pullbacks (see equations (4.1.3) and
(4.1.4)), this shows that

e ({f1oo s froo 1= f o fp}) =0.

Finally we set

Tan = Hfan ] ker T8 an,

which we consider as a rational subsheaf of ker(d”: A%%, — A%L,).

For the next proposition, we recall two basic facts about base change and tensor products,

and define basic open subsets of polyhedral complexes as in [JSS19, Definition 3.7].

Remark 4.1.6. Let L/K be a field extension and W a finite K-vector space. We recall:

i.) We have
Hompg (W, K) @k L = Homg (W, L) (4.1.5)

as K-vector spaces. This statement is in general false if both vector spaces L and W
are infinite dimensional, however note here that it is enough for only W to be of finite

dimension (L/K does not have to be finite).
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ii.) There is a canonical group isomorphism
Hompg (W, L) =2 Homp(W ®k L, L). (4.1.6)

This fact follows from a more general statement on extension of scalars of modules.

Definition 4.1.7.

i.) Recall that a subset A C R" is an open cube if it is a product of intervals which are of

the form (a;, b;) for a;,b; € R.

ii.) Let % be a polyhedral complex in R”. An open subset € of |%| is called a basic open
subset if there exists an open cube A C R” such that @ = AN |%| and such that the

set, of polyhedra of ¥ intersecting ) has a unique minimal element.

Proposition 4.1.8. Let X be a variety over K and X®" its analytification. Then 7§

induces an isomorphism of sheaves

Tl g R = ker(d's AT — AL,

Proof. 1t suffices to show that the induced map on stalks
Tot Than , ®g R — ker(d": Ag&gn .= Agélan )

is an isomorphism for every x € Xa".

For this let x € X?" and V C X?" open around x. As the tropical charts form a basis on
X3 we can assume that V comes from a tropical chart (V,¢p: U — G for a very affine
open U C X with Q := tropy (V) open in the polyhedral complex Trop(U) € RY. Denote
by fi,...,fn € Ox(U)* the elements defining the canonical moment map, i.e. @y comes

from the K-algebra morphism

KT, .. Ty = Ox(U), T; = fi.

Additionally keep in mind that we have an embedding Ox (U) < Oxan (U?") for any open
U C X induced by 7: X*" — X (see Remark [3.3.1)).

By [JSS19, Lemma 3.8| the basic open sets form a basis of the topology on the support |%’| of
€ := Trop(U), hence after shrinking V' we can assume that Q C || is a basic open set with
minimal polyhedron o. Such a tropical chart (V,¢p) will be called a basic tropical chart.
For any p € € with 0 < p we denote as usual (see Deﬁnition by L, =Z,2zR C RY
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the tangent space of p, and by L, g := Z, ®7 Q its underlying Q-linear subspace in QY.

Here Z, is as usual the canonical lattice of p. Note that L, o ®gR = L, as R-vector spaces.
We have an inclusion of finite Q-vector spaces
p p
N
>, NALec QY
PEC ,0=<p
and thus a surjective map
P p
r: Homg </\ QN,R> —Homg [ Y AL,aR|. (4.1.7)
PEC ,0<p
By [JSS19, Proposition 3.20| we have an isomorphism of R-vector spaces
P
Homg | > ALpR| 5 ker(d”: AD°(Q) — ALY(Q)). (4.1.8)
PEC ,oc<p

As base change commutes with taking exterior products, we obtain by Remark ii.)
that

P P
Homp Z /\Lp,R =~ Hompg Z /\LP,Q ®q R,R
PEEC ,0<p PEE,0<p
P
- Homg [ > AL,o.R
PEE,0<p

Thus the canonical map
P
Homg ( AQ”, ]R) — ker(d": ARY(Q) — AP (Q))

factors through r in (4.1.7)) and also induces an isomorphism of Q-vector spaces

p
Homg Z /\LPQ,R s ker(d”: APY(Q) — ARN(Q)).
PEEC ,0<p

We consider now the Q-linear subspace T¥un (V). of T¥an(V) which is generated by
the elements in .. (V) given by {fi,,..., fi,} € K} (Oxan(V)), where {i1 < --- < ip}
is an ordered subset of {1,...,N}. Here we denote ambiguously by abuse of notation
fj € Oxan (V) as the restrictions of the f; € Ox(U) < Oxan(U*") to V C U™

Let J = {i1,...,ip} € {1,...,N} be such an ordered subset. We now want to describe
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the image % ({fiy, ..., fi,}) € ker(d": APO (V) — ARL.(V)). The elements fi,.. 5 fiy

induce the tropical morphism
tropy y: V= RP, || = (=log|fil,...,—log|fi,|)-

Note that we have tropy ; = proj; o tropy on V, where proj;: RY — RP is simply the
projection onto the coordinates given by J. Thus by construction as in Lemma [£.1.4] the
differential form 75a, ({fir,- .-, fi,}) € ker(d”: AR, (V) — A%L.(V)) is given by the single

superform
proj(day A -+ Ad'xp) = dzy A Ada, € ker(d": ARY(Q) — APH(Q)).
Recall that T, = H L/ ker(78an). As in the injective map of Q-vector spaces
Tt Than(V) o g — ker(d”: AP2(Q) — AZ1(Q)) (4.1.9)

factors through Homg (Zpgg’a@ N’ LPQ,R) = ker(d": AP°(Q) — AZN(Q)). The d'z;, A
---Ad'z;, already form a Q-basis for AP QNV, thus 1} induces an isomorphism of Q-vector
spaces
P
Ton(V) ity ZHomg | Y- ALy, Q| (4.1.10)
PEE,0<p

Observe that we only get an isomorphism to the space of linear morphisms to Q on the

right hand side. Taking the tensor product with R on both sides finally yields together with

Remark [4.1.6{and (4.1.8) an isomorphism of R-vector spaces

TEan (V)51 iy @0 R Z ker(d”: ALY(Q) — AH(Q)).

By taking the colimit over all basic tropical charts at x, we can conclude the isomorphism

T, on stalks. O

Corollary 4.1.9. Let X be a variety over K and X?" its analytification. For all p,q > 0,

we have a canonical isomorphism
HI(Xx*", ﬂfgan) ®q R = HPI(X™),

where the right hand side denotes the Dolbeault cohomology groups as in (3.4.1)). In par-

ticular this endows the real vector space H?4(X?") with a canonical rational structure.
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Proof. By Proposition [£.1.8 and Corollary [3.4.33] we have

HP9(X) = HI(X™ ker(d”: AP? — AP1)) =2 HY(X™, TE.. ®g R)
~ HY(X*, T¥..) ®g R.

4.2 The tropical cycle class map

In this section we will finally define the tropical cycle class map, which relates the Chow

groups of a smooth variety X to its tropical Dolbeault cohomology groups.

Definition 4.2.1. Let X be a variety over K. For p,q > 0, we define the tropical Dolbeault

cohomology group of X as

HP: (X) i= HYX™, TLn),

trop

which we regard by Corollary as a rational subspace of HP?(X2").

Remark 4.2.2. Let 7: X®" — X be the usual analytification morphism from Remark

B3

i)

ii.)

The continuous map 7 induces naturally a morphism of sheaves #Y¥ — m, #Lon on X
via Ox (U) — Oxan(U*), where 7, denotes the direct image functor. Thus we obtain

a morphism in cohomology

H* (X, #L) = H* (X, m A Lan). (4.2.1)

Furthermore there is a natural map
H® (X, md fan) — HO (X 7 e ),

where 77! denotes the inverse image functor. This is purely sheaf-theoretic, for details
see e.g. [Ive86, I1.5.1]. By the adjunction of inverse and direct image, the counit

morphism 7l K )?an — K, )?an yields a morphism
H (X m b ) — HO (X, A ).
Composing this with i.), we obtain a natural map in cohomology

H* (X, #P) — H*(X™, A L), (4.2.2)
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We can now finally define the tropical cycle class map.

Definition 4.2.3. Let X be a smooth variety over K. We define the tropical cycle class

map clirop as the composition

Hp(Xan7T)p(all )

CHP(X)g Sy 1 (x, ) BZ2, mr(xon, 2,,) HP(X®, 72,.) = HPP (X).

trop

Remark 4.2.4. Let X be a variety of dimension n and w € A2 P(X?") be a d’-closed

differential form with compact support. Furthermore let [n] € HPP(X?") be given by a
representative 1 € ker(d”: APP(X?) — APPHL( X)) Then there is a well-defined integral

/an[n]/\w::/annAw. (4.2.3)

Clearly n Aw has compact support as well. Furthermore (4.2.3)) is independent of the choice
of n. Indeed, let p € APP~1(X?") and we need to show that [y.. nAw = [y (n+d"p) Aw.

We have
/ d" N w BT </ d"(u A w)) —(=1)%71 </ A d"w) =0,

because [ya, d”(1 A w) = 0 by Stokes’ formula [3.4.20| and [yan A d’w =0 as d"w = 0 by
assumption. Hence (4.2.3)) is well-defined.

We conclude with the following theorem by Liu, which can be regarded as a tropical version
of the Cauchy formula in multi-variable complex analysis.

Theorem 4.2.5. Let X be a smooth variety over K of dimension n. For every algebraic

cycle Z of X of codimension p, and any d”-closed differential form w € A'.P""P(X*") with

compact support, we have the equality

/ lirop(Z) Nw :/ w.

Here, if we formally write Z = Zle a;Z; with a; € 7Z and the Z;’s closed subvarieties of

k
/ w = g ai/ w. (4.2.4)
an Z:1 ’?n

Proof. See |Liul7, Theorem 3.7]|. O

codimension p, we define

Before we say a few words on how our discussions in Chapter [2 play a fundamental role in

the proof of the theorem, we state an interesting corollary.
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Corollary 4.2.6. Let X be a proper smooth variety over K of dimension n. Let Z be an

algebraic cycle of X of dimension 0. Then we have

/ lirop(Z) = deg(Z).
Recall that the degree of Z is defined as deg(Z) = % a; € Z for Z =% a; 7.

Proof. By linearity we can assume that Z is prime, i.e. a closed subvariety of dimension
0. As X is proper, the analytification X" is compact (see Remark [3.3.1). In particular
we can choose w to be the constant function 1 on X?" in Theorem [4.2.5] and we obtain
Jxan lirop(Z) = [an 1. A very affine chart of integration U C Z is zero dimensional as well,
hence Trop(U) consists of a single point. Integration is defined via pullbacks, and as we are

integrating the constant function 1 in a zero-dimensional space, this is exactly 1. Hence

/ 1=1

for the prime cycle Z, and the claim follows by linearity. O

Remark 4.2.7. We de not prove Theorem however we want to conclude this thesis
with an explanation of how the notion in the special description of clyniy in Section [2.4] is
used in Liu’s proof of the theorem. To explicitly describe the image of a cycle under cliop
via the composition in in a 'naive way’ is very hard. However we can utilize the

description via regular sequences as in Construction [2.4.1] as follows:

Let Z be an algebraic cycle of X of codimension p. By linearity of the integral as defined
in (4.2.4)) we may assume that Z is prime, i.e. a closed subvariety of X of codimension p.
Denote by Zsng & Z the singular locus of Z, which is a closed subscheme of X (with its
induced reduced subscheme structure) of codimension > p. Furthermore put U := X \ Zging
and Zsm = Z\ Zsing, which is a smooth closed subvariety of U of codimension p. Furthermore

note that we have a closed immersion Z3, — U?".

For ease of notation, we put

,gcl ", ) ,q+1
ARE — Ler(d": ARS, — ARG

for a variety X. Fix a form w € A" (X)) and by Corollary [3.4.14] w belongs to

AnX_af’?_p ’CI(U an) So the proof of the theorem reduces to U, Zg, and examining the map
CHP(U)q — H{5,(U). Note that now we are in the situation of Construction Le. U

is a smooth variety of dimension n, and Zg,;, is a smooth closed subvariety of codimension

Pp-
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We want to utilize the fact that for a topological space Y with open cover il and sheaf
F, the canonical morphism from Cech cohomology to sheaf cohomology in Remark is

functorial in F, i.e. that the diagram

HP(U, F) —— HP(Y, F)

l l (4.2.5)

HP(U,G) —— HP(Y,G)
commutes for a sheaf morphism F — G on Y.

As in Construction [2.4.1] we choose a finite affine open covering U, of U and regular se-
quences fo1,..., fap € Ov(Us), such that Zg, N U, is defined by the ideal (fa1,. .., fap)-
Again we write U,,; for the nonvanishing locus D(fu;) C Uy of fai. Then {U,; | 1 < i < p}
(respectively {U2} | 1 < i < p}) forms an open covering of U, \ Zgm (respectively U2™\ Z22)
which we denote by 4, (respectively 42"). Note here that we have (Uy \ Zgpm )" = U2\ Z22.
We obtain a commutative diagram

P (8, ‘%/Ii\zsm

o] |

Frp—1 P -1 p
HPZH(URY, K gan ) —— B (UG \ 2505 Hfam zam

o] |

AP (gan, AP ————— HPTH U\ Z2n, APY.

) —— HP YU, \ Zsm,%fa\zsm)

) (4.2.6)

The commutativity of the lower square is the commutativity in (4.2.5)), and the upper square
commutes by Remark [£.2.2] and as § is induced by the injective morphism Oy — m.Opan.

Note that HP~1(Uan\ Zan A%g;,d) ~ HP-H(D(Uan\ Z2n, AD2)), in particular 7Han ({fa1, - - - s fap})

sm’ sm?

induces a cohomology class [f,] € HP~1(U2"\ Z28, A%gfl) given by a Dolbeault representa-
. —1,d
tive 6, € ADELl(Uan\ Zan),

By partition of unity we may write w = Y wo with we € A7t P(Uy). Then one can

show (see Step 2 and Step 3 in the proof of |[Liul7, Theorem 3.7|) that the theorem follows

if
/ O Nd"wo = / Wa
(Ua\Zsm)an (UanZsm)an

holds for any «.

By construction and Proposition this expression does neither depend on the choice of

representative 6, nor on the regular sequence fqo1,..., fap. As the sheaves A%;n are fine,
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they are Cech-acyclic and we can explicitly construct 6, from Than ({fats - -+, fap}) with the

same strategy as in Remark [B.7] and as in the proof of Proposition [2.4.2



Appendix A

Sheaf Cohomology with Supports

We want to introduce subsheaves with support and their cohomology. This section basically

forms explanations to Exercise I1.1.20 and Exercise 111.2.3 in [Har77].

We denote by (ab) the category of abelian groups, and by Sh,;(X) the category of abelian

sheaves on X.

Definition A.1. In the following let X always be a topological space, Z C X a closed subset
and F an abelian sheaf on X. We define I'z (X, F) to be the subgroup of F(X) =TI'(X,F)

consisting of all sections whose support is contained in Z.

Lemma A.2. [Har77, Exercise 11.1.20]

i.) The presheaf V' — 'z~ (V, Fly) is a sheaf. It is called the subsheaf of F with supports
in Z, and is denoted by H%(F).

ii.) Let U =X\ Z and let j: U — X denote the inclusion. There is an exact sequence of

sheaves on X

0= HY(F) = F = j.(Flu).

If F is flasque, then the map F — j.(F|y) is surjective.

Proof. Tt is clear that H := H%(F) is a presheaf. For i.) let |J; Vi = V be an open cover
of an open subset V. The injectivity of H(V) — [[, H(Vi) follows as F is a sheaf. If
(si € H(V;))ier are sections agreeing on intersections, they uniquely glue to s € F(V'), and
supp(s) C ZNV, as s, = (s)z for z € V;. Hence H is a sheaf.

Show ii.): Clearly H = ker(F — j.(Fl|v), as for open V' C X we have j.(F|y) = F(UNV) =
F(V'\ Z). The surjectivity in the flasque case follows from the surjectivity of the restriction
maps of F. O

81



82 APPENDIX A. SHEAF COHOMOLOGY WITH SUPPORTS

Lemma A.3. [Har77, Exercise I11.2.3 a)| The assignment
Fz(X, ) Shab(X) — (CLb)

is a left exact functor.

Proof. Let p: F — G be a map of sheaves and U C X open. Furthermore let s €
Tynz(U,F) and x € U\ Z. Then p(U)(8)z = ©z(sz) = ©z(0) = 0. Thus T'ynz(U, F) —
Tunz(U,G) is well-defined and HY%(+): Shep(X) — Shep(X) is a functor. In particular

I'z(X,-) is a functor as composition of HY with the global sections functor I'(X,-).
To see that I'z (X, -) is left-exact, let

&

0 F S F 2 F o

be a short exact sequence of sheaves, and we need to show that the induced sequence of
abelian groups
0 — Dz(X, F) -2 Dy(X, F) 25 Dy(X, F")

is exact, where o = &(X), 5 = B(X). The injectivity of a is clear. To see that ker(3) =
im(a) let s € I'z(X, F) with 5(s) = 0. By the left-exactness of the global sections functor
there is t € I'(X,F’) with a(t) = s. For any = ¢ Z we have on germs ay(t;) = s, = 0,
hence by injectivity of «, have t,, = 0. Thus ¢t € I'z(X, F’) and the lemma is proved. [

Definition A.4. We denote the right derived functors of the left exact functor I'z (X, -) by
H’Z(X ,+). They are called the cohomology groups of X with supports in Z, and coefficients

in a given sheaf.

Proposition A.5. [Har77, Exercise 111.2.3 b)-d)]

&

i) f0—-F — F Ly F 0 is an exact sequence of sheaves, with F’ flasque, then
0= Tz(X, F) 5 Ty(X, F) 25 T4(X, F") > 0

is exact. Here again a = &(X), 5 = B(X).
ii.) If F is flasque, then HY (X, F) = 0 for all 4 > 0.

iii.) Let U := X \ Z. If F is flasque, then the sequence
0—-Iz(X,F)->T(X,F)=>T(UF)—=0

is exact.
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Proof. i.) By left-exactness of I'z (X, -), it remains only to show that I'z (X, F) LA Lz(X,F")
is surjective. As F’ is flasque, it is known that (see e.g. [Har77, Exercise I1.1.16]) the

sequence

0= DX, F) 25 DX, F) 2 (X, F") =0

is exact, hence any s” € I'z(X,F”) lifts to some s € I'(X,F) with 3(s) = s”. For any
x €U := X\ Z there is an open V C U around z with s”|y = 0, so B(V)(s|y) = B(s)|v =
s"ly = 0. By exactness of the original sequence of sheaves, there is an open U, C U
around z and t* € F'(U;) with a(U,)(t*) = s|y,. Due to &a(Usz)(t")|v,nu, = slv.nu, =
a(Uy)(tY)|u,nw, for all 2,y € U and injectivity of &, the t* glue to some tV € F'(U), which
again — by flasqueness of F' — can be extended to some ¢ € I'(X, F’). Consider now the
element § := s — a(t) € I'(X, F). Then

=0

and § € I'z(X, F), as 8|y = s|ly — a(V)(t|y) = 0. This shows i.).
\
—sly

Obtain ii.) in exactly the same way as in the proof of [Har77, Proposition I11.2.5].

To show iii.), note that by Lemma i.) we have an exact sequence of sheaves
0= HY(F) = F = j(Flv) =0,

where j: U — X denotes the inclusion. We apply the left exact functor I'(X, ) to obtain

the left exact short sequence
0-Tz(X,F)=>I(X,F)—=TI(U,F) =0,

which is exact, as F is flasque. O

Corollary A.6. (Long exact sequence of cohomology with supports) [Har77, Exercise
111.2.3 e)]

Let X be a topological space, Z C X closed and U := X \ Z. Then for any sheaf of abelian

groups F, there is a long exact sequence of cohomology groups
0 — HY(X,F) —» HY(X,F) —» HY(U, Fly) —

— HL(X,F) —» HYX, F) - HY(U, Fly) — (A.1)
— H (X, F) — -
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Proof. We fix an injective resolution Z*® of F, from which we obtain a flasque resolution
Z|}; of Fly. Now Proposition iii.) gives a short exact sequence of complexes of abelian
groups

0-Iz(X,I°) - I'(X,Z°) - I'(U, Z|;;) — O,

whose induced long exact sequence in group cohomology is the sequence desired. Observe

here that for direct computations we only require the resolution to be flasque. O



Appendix B

Cech Cohomology

We review the basic notions of Cech cohomology groups with respect to a sheaf F of abelian
groups. We are particularly interested in the canonical homomorphism from Cech cohomol-

ogy to sheaf cohomology, which we will define below.

Definition B.1. (See [Har77, Section II1.4]) Let X be a topological space and let 4 =
{Ui}ier be an open covering of X. We fix once and for all a well-ordering of the index set
I. For any finite set of indices ig,...,i, € [ we denote the intersection U;, N --- N U;, by

Ui,...,i,- Furthermore let 7 be an abelian sheaf on X.

i.) We define the Cech complex C* (4L, F) of abelian groups as follows. For each p > 0, let

CP(LL, F) = H F(Uig,....i,)-

io<--<ip€l

Hence an element o € CP(4, F) is determined by giving an element
Qig,....ip, € F (Uig,...i,)

for each ordered (p+ 1)-tuple ig < - -- < i), of elements of I. Define a coboundary map
§P: CP(8h, F) — CPTL(4U, F) by setting

p+1
o E _1)k .
(50‘)107---72”1 = (-1 aio,,,,,ik,,,,,ip+1|Uio ,,,,, i1
k=0
for ip < --- <'ip41 € 1. Here the notation i means to omit ;. As always we often

leave out the exponent in the coboundary maps for ease of notation. We check easily
that 6 0§ = 0, so C*(4, F) is indeed a complex.
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ii.) We define the p-th Cech cohomology group of F, with respect to the covering i, to be
the p-th group cohomology

[P (41, F) := HP(C* (4, F)).

Remark B.2.

i.) (JHar77, Lemma II1.4.1]) Note that by the glueing property of the sheaf F we always
have
HY(U, F) 2 (X, F).

ii.) Let 0 > F' — F — F” — 0 be a short exact sequence of presheaves on X, i.e. for
every open U C X the sequence of abelian groups 0 — F'(U) — F(U) = F"(U) = 0
is exact. Then for any open covering i of X we obtain a short exact sequence of
complexes

0— C*(UF) = C*(U,F) = C* (U, F") — 0,

and thus there is a long exact sequence in Cech cohomology

s HP(U,F) = HP (U, F) — BP(U, F') = AP (U F) — - - -

iii.) A short exact sequence of sheaves on a space X does not have to give a long exact
sequence in Cech cohomology though. For example if we define an open covering 4
to consist merely of X, then we see that HP(U, F) = 0 for p > 0 and any sheaf F.
Hence with i.) a long exact sequence in Cech cohomology would imply that any short
exact sequence of sheaves 0 — F' — F — F’ — 0 gives rise to an exact sequence
0—-I(X,F)—>TI(X,F)—I(X,F") — 0. This would imply that the global sections

functor is exact.

Definition B.3. The complex C*(4, F) is a complex of abelian groups, yet we can also

define a ’sheafified’ version. Define for any p > 0 a sheaf on X by

P, TF) = H i*(’F’UiO z‘p)v

io<<ipEl

where i: Uy, .. i, = X denotes the respective inclusion map. As above, we obtain a corre-
sponding coboundary morphism 6: €7 (4, F) — €PL(4U, F) and in particular a complex of
sheaves (€° (L, F),0).

Note that by construction we have T'(X, €P (4, F)) = CP (L, F) for each p.
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Lemma B.4. The canonical sheaf morphism e: F — (4, F), given by taking the product

of the natural morphisms F — i.F |y, for j € I, gives rise to an exact sequence of sheaves

05 FSEOUF) S WF) D

Proof. See |[Har77, Lemma II1.4.2]. O

Corollary B.5. If F is flasque, then HP(4, F) = 0 for all p > 0.

Proof. See [Har77, Lemma II1.4.3]. O

Remark B.6. If 0 — F i/> 70 — 7' — ... is an injective resolution of F and 0 — F -5
EO(U, F) — €14, F) — --- is the Cech resolution as above, then there is a morphism of
complexes n: €* (4, F) — Z°, unique up to homotopy, for which the diagram

commutes, and thus induces a unique homomorphism
H* (U4, F) — H* (X, F), (B.1)

functorial in F. Of course initially this homomorphism is in its nature abstract, however
one can give an explicit description via the total complex of the double complex (B.1)), as
it is done in [KCDO0S8, Lemma 3.5, Proposition 3.6|.

Remark B.7. For our practical applications to Chow groups we construct a morphism
H*(4U, F) — H* (X, F)

as follows, which we call the canonical homomorphism from Cech cohomology to sheaf co-
homology. We stress that the construction of this morphism is — up to sign — exactly the
explicit description of as in [KCDO8, Lemma 3.5]. It is functorial in F, i.e. the
diagram

H"(U, F) —— H"(X,F)

| !

0" (4,G) —— H*(X,G)

commutes for any sheaf morphism & — G on X and n > 0.
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Now suppose we have an injective resolution (indeed it does not need to be injective; in fact

we only need the sheaves Z*® to be both acyclic for Cech and sheaf cohomology)

d— 1 ClO dl

0—F 70 7!

By functoriality of the Cech complex, we obtain a naive double complex of sheaves

0 0 0

0 FE o, ) 0 g, F)
dfl —1 d_l’o d—l 1

0 —— 70 2% @0y, 70) 2% @1y, 70) 22, (B.1)
d%—1 90 J0:1

0 —— 70 275 o, 7ty 0 (s, 7ty 2

"Naive’ in this sense means that we require the squares only to commute, not anti-commute.

Applying the global sections functor to (B.1l) gives the naive double complex of abelian

groups

0 —— (X, 7% —%— O, 7% —%— Ccl(y,70) —2 ... (B.2)

in which all rows except the first one are exact, as ZP is Cech-acyclic for p > 0. Now let
[n0] € H™(U, F) be given by a cocycle ng € C™(4, F). We obtain the image of [1] under

the canonical morphism from Cech cohomology to sheaf cohomology as follows:

We have § o d(ng) = d o d(ny) = 0. By exactness of the rows, there exists n; € C*~1 (4, I°)
with d(n1) = d(np). It follows that 6(dn;) = d(dn1) = dd(ng) = 0, and there exists 79 €
C"2(U,Z") with 6n2 = dnp, and so forth. Eventually we obtain 6 := 1,1 € I'(X,Z") with
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06 = dn,,. Then df = 0 since 6(df) = d(60) = dd(n,) = 0, and as the rows of the double

complex are exact. Hence 6 induces an element [f] € H" (X, F), which is our desired image.

This ’staircase walk’ is indicated in the diagram (B.2]) above with dashed arrows.
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